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Beegexue

KoMnakTHOCTb OTHOCUTCS K YUC/Y LIEHTPaJibHbIX MOHATUA MaTeEMaTUKU.
OcobeHHO Ba)KHbI KOMMaKTHbIE XayCAOPEOBbI MPOCTPAHCTBA UK
KoMnakTbl. BnepBble KOMNaKTHOCTbL MOsIBUIACh B MaTeEMAaTUKE KaK OLHO U3
rNaBHbIX TOMOJIOFMYECKUX CBOMCTB OTpe3ka, KBagpaTa, cdepbl 1 BCex
3aMKHYTbIX OrPaHUYEHHbIX NOAMHOXXECTB KOHEYHOMEPHbIX €BKINAOBbIX
npoctpaHcTe. Korga bbi10 0CO3HAHO, YTO MMEHHO STO CBOICTBO
OTBETCTBEHHO 3a psif (PyHAAMEHTAsIbHBIX (PAaKTOB, OTHOCALLMXCSA K
3aMKHYTbIM OrpaHNYEHHbIM MHOXECTBAM B €BKJIMAOBbLIX NMPOCTPaHCTBaX
TaKUX, B YaCTHOCTMN, KaK OrPaHUYEHHOCTb 1 PAaBHOMEPHAs! HEMPEPbIBHOCTb
HeMnpepbIBHbIX OYHKLUI, KOMNAKTHOCTL MoJlyynaa abcTpakTHoe
onpefesieHne Ha si3blke ODLLEA TONONOrNM, AANEKO BLIXOASLLEE 33 PAMKU
KJlacca METPUYECKMX MPOCTPAHCTB.
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Beegexue

XopoLuo n3BecTHO, Y4To hyHaaMeHTaNbHble haKThl, JeXxallme B Camux
OCHOBax KJIaCCUYECKOro MaTeMaTUYECKOrO aHain3a, OCHOBaHbI Ha OAHOM
3aMevaTesIbHOM CBOMCTBE OTPE3Ka YMC/IOBOW NPsiIMON, U3BECTHOM MOf,
HasgaHuem siemmsbl [eline—Bopens—/lebera n 3aknto4arowemcs B Tom,
4TO U3 IOBOrO NOKPLITUSI 3TOFO OTPE3KA OTKPLITLIMN UHTEPBANAMN MOXKHO
BbIOPaTb KOHEYHOE MOAMOKPbLITHE.

Mo sToli NpUYmMHE OKA3aN0Ch ECTECTBEHHbLIM B ODLLMX TOMOJJOMMYECKUX
MPOCTPaHCTBax 0CODO BLIAENATL TaKME NX MOAMHOXECTBA, KOTOPbIE
061aaloT aHANOMNYHBLIM CBOMCTBOM, YTO U MPUBENO K OLHOMY N3
dbyHAaAMEHTANBHBIX NOHSATWIA TOMOMAOrMN — K MOHSITUIO KOMMAKTHOCTN.
3acsiyra BblAeIEHNS 3TOrO 3aMeHaTeNbHOroO K/1acca NMpOCTPAHCTB
npuHagnexut . C. AnekcaHgposy.

OTMeTM Tak>Ke, YTO TEOPUS KOMMAKTHbIX MPOCTPAHCTBE Brepeble Obiia
noctpoena . C. Anekcangposeim u . C. YpbicoHom B pabote "Memyap o
KOMMaKTHbIX TOMosorm4eckux npoctparcreax " — 3-e usg. M. Hayka,
1971 (nepeoe nspatue 1929).
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OMPEAEJIEHWE 1.3.1. Tononorn4eckoe npocTpaHcTBo X Ha3bIBaeTCs
KOMMAaKTHbIM, €C/IN OHO YAOBETBOPsiET ycnosuto bopensi-Jlebera:
BCSIKOE €ro OTKPbITOE MOKPbITUE COAEPXKUT KOHEHHOE MOAMOKPbITUE.
[Mpun 3ToM Tomosoruto npoctpaHcTea X Ha3biBalOT KOMMAKTHOIA.

SlCHO, 4TO MPOCTPAHCTBO C TPUBMAJILHOW TOMONOrUEN BCerga KOMMAKTHO,
TOrAa Kak NPOCTPAHCTBO C AUCKPETHON TOMOJSIOrMeli KOMMAKTHO B TOM U
TOJIbKO B TOM CJly4ae, KOrga OHO COCTOUT M3 KOHEYHOrO YMC/ia TOYeK.
KomnakTHOe NpocTpaHCTBO MOXET He bbITb xaycaopdosbim!

MPUMEP 1.3.2. Tononorus 3apucckoro. PaccmoTpum npounssosibHoe
beckoHeuHoe MHOXECTBO X 1 CEMERCTBO T, COCTOsLLEE U3 MYCTOrO
noamHoxecTBa () n n3 BceBoamoxHbIx nogmHoxecTs U ns X, gononHenus
koTopbix US = X\ U sBNsOTCS KOHEYHBIMN MOAMHOXECTBAMMU.

[lycToe NOgMHOXECTBO TaK)Ke PaCcCMaTPUBAETCH KaK KOHEYHOE
nogMHoXXecTBo. Jlerko npoeepuTh, YTO CeMeENCTBO T 3adaeT B X
TOMOJIOTMIO, KOTOPasi HOCUT Ha3BaHWE TOMOJIOrMU 3apUCCKOro.
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BeckoHeuHoe MHoXecTBO X, HageneHHoe Tononorueli 3apucckoro,
ABNSIETCA KOMMAKTHBIM NPOCTPAHCTBOM.

B camom gene, nycte S = {U, : o € A} — npomsBoabHOE OTKPbLITOE
nokpbitue X, cocTtosiliee U3 HECKOHEYHOrO YMCNA SNEMEHTOB, U MYCThb
Uao # X, @ Foy = X\ Uy, COCTOUT M3 KOHEYHOTO HMCNa TOYEK
X1,X2,...,Xn. [lycTb, ganee, x; € Uy, X2 € Ugy, ..., Xn € Uy, TOrAA
cnctema Uy, Upy,s - - ., Uy, 04EBUAHO, ODpasyeT KoHeYHOe NognoKpbITHe
WCXOAHOTO MOKPLITUS 1, CTaNo bbiTb, X KOMMNAKTHO.

B To e Bpemsi Tononornsi 3apucckoro He sIBNsieTCst XaycaopdoBoii.

[elicTBUTENBHO, SACHO, 4YTO TOnosorus 3apucckoro siBasieTcss T1 uau B
LPYroii TepMUHOOrN AOCTIKMMOl Tonosiorneli. B Tononorun
3apucckoro ntobble ABa HEMYCTbIX OTKPbIThIX MHOXECTBa B X MMetoT
HenycToe nepecederue. [oaTomMy oHa He sBNSIETCA XaycAopdOBOi.

Ocoboe 3HauyeHVE NMEIOT KOMMAKTHbIE MPOCTPAHCTBA, Y4OBAETBOPSIOLLME
akcuome Xaycpopdpa, KOTOpbIE HA3bIBAOTCS AJ1st KPAaTKOCTU KOMMaKTaMM.
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KomnakTHocTb KomMnakTHble Tonosornyeckne npocTpaHcTea

From introductory analysis we know that closed and bounded sets in RV
play a special role. In this section we are going to study the topological
abstraction of these sets, which are known as compact sets. Compact sets
are the most well-behaved objects in analysis and are the cornerstone in
most applications.

DEFINITION 1.3.1 A topological space (X, 7) is said to be "compact”, if
any open cover of X has a finite subcover, i.e. if 7 C 7 is any family such

that
x=|Ju,
UeF

n
then there is a finite subset {U, ..., U,} C F such that X = |J U;.

i=1
A subset A of a topological space X is said to be compact, if it is a
compact for the relative topology. We say that A is "relatively compact”, if

A is compact.
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KomnakTHocTb KomMnakTHble Tonosornyeckne npocTpaHcTea

Ewe pa3s noguyepkHeM, 4TO KOMMaKTaMy OObIYHO Ha3bIBAOT XaycAopdoBsI
KOMMaKTHbIE TOMOJIOMMYECKIE NMPOCTPAHCTBA. Y aBTOPOB akKCMOMa
Xaycgopda He npegnonaraercs BoinosiHeHHow! Cregyrowme ycnosus
PaBHOCUJIbHBI /151 KOMMAKTHbBIX TOMOJOFMYECKUX MPOCTPAHCTE:

1) X — KOMNaKTHOE TOMOJIOrN4ECKOE MPOCTPAHCTBO; J

2) nepecedeHne NtoOON LLEHTPUPOBAHHON CUCTEMbBI 3aMKHYThIX B X
MHO>XECTB He MyCTo;

3) nepeceyeHne 06O MaKCUMAIbHON LEEHTPUPOBAHHONR CUCTEMBI
3aMKHYTbIX B X MHOXECTB He MycTo;

4) nepeceyeHne NPOU3BOJILHOI YObIBAIOLLENA BMOJIHE YNOPSIAOHEHHON
NOC/Aef0BaTENLHOCTI JIODOV MOLLHOCTU HEMYCTBIX 3aMKHYTbIX B X
MHOXXECTB He MycTo;

O NNC ) TN (/I3 70 sV -V EIV PP/ ta U ek s 1.3 — "1.3 KomnakTHOCcTb 1 Kown 8 mapTta 2011 r. 8/ 80



KomnakTHocTb KomMnakTHble Tonosornyeckne npocTpaHcTea

5) Kaxgasl LEHTPMPOBaAHHAsH CUCTEMA MOAMHOXECTB MOLMHOXECTB
MHOXXeCTBa X MMEET TOYKY MPUKOCHOBEHWS;
6) kaxablii ynbTpacunstp Ha X cxogutcs B X; J

7) BNsi KaXKJOro BECKOHEYHOTO MOAMHOXECTBA nogMHoxKecTBa M
MHoxecTBa X B X CyLLECTBYET TOYKA MOJHOrO HaKOMAEHUS;

8) ntoboe cemeiicTBO 3aMKHYTbIX B X MOAMHOXECTB C MyCTbIM
NnepeceyeHNEM COLEPKUT KOHEHYHOE NOACEMENCTBO C NYCThIM C MYCTbIM
nepeceyeHneMm.

Ckaxem (. C. AnekcaHapoB), 4To Touka x npocTpaHcTBa X siBASIETCS
TOYKOI MOAHOrO HakomJieHns ans MHoxectea M C X, ecam kaxkgas
okpectHocTb O(x) Touku x nepecekaetcsi ¢ M no MHOXeCTBY,
paBHoMowHOMY M. TNoHSITHO, 4TO BCsIKasi TOYKa MOJIHOFO HAKOMJIEHUS
ABNSIETCS MPEAENbHON TOUKON, MEXAY TEM KaK MpefesibHasi ToYKa 4aNeKko
HE BCErAa sIBASIETCS TOYKOM MOJIHOMO HAKOMJIEHNS.
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KomnakTHocTb KomMnakTHble Tonosornyeckne npocTpaHcTea

VnbTpadhunsTp — 3T0 puIbTp, ABAAOWNUACA MaKCMMAJIbHLIM B TOM
CMbICJ/IE, YTO BCSIKWIA COAepXKaLunii ero huabTp COBMAAAET C HUM.
VnbTpadhnabTp MOXKHO ONPEAENTL KaK CUCTEMY MOAMHOXECTE,
YOOBJIETBOPSIOLLEN TPEM YCI0BUSIM: 1) MycTOe MHOXECTBO €ii He
MPUHAANEXNT; 2) NepeceHeHne AByX NMPUHAATEXALLNX el MHOXKECTB TakXKe
eii npuHagnexunT; 3) ans noboro nogmHoxecTsa mbo oHo camo, mbo ero
[OMOJIHEHNE MPUHAAIEXUT ITOIN CUCTEME.

Touka Tonosiornyeckoro NPOCTPAaHCTBA HA3bIBAE€TCA Npeanesiom (bl/IJ'Ipra,
€CNIN KaXKfas €€ OKPECTHOCTb €CTb SJIEMEHT CbVIﬂpra.
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KomnakTHocTb KomMnakTHble Tonosornyeckne npocTpaHcTea

REMARK 1.3.2 Prom the definition of the relative topology (see Example
1.1.3(e)), we see that a subset A of a topological space (X, 7) is compact
if and only if for any F C 7 such that AC [J U, there is a finite set
UeF
n

{U1,...,Up} C Fsuchthat AC |J U

i=1
For the discrete topology only finite sets are compact. On the other hand
for the trivial topology every set is compact.

30eck TakXKe He MpeanonaraeTcsl, YTo BbIMOJHEHA akcmoMa Xaycaopda.

O NNC AN TN (/3T 73 sV - VBV ta U ek s 1.3 — "1.3 KomnakTHOcTb 1 kon 8 mapTa 2011 r. 11 / 80



KomnakTHocTb KomMnakTHble Tonosornyeckne npocTpaHcTea

The next proposition, after some preparation will lead to the "Heine-Borel
theorem which asserts that every closed and bounded set in R" is compact.

PROPOSITION 1.3.3 Every closed interval [a, b], a,b € R, is compact. J
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KomnakTHocTb KomMnakTHble Tonosornyeckne npocTpaHcTea

Next we will reformulate the not ion of compactness by taking
complements of open sets. For this we need the following notion.

DEFINITION 1.3.4 A topological space X is said to have the "finite
intersection property" (f.i.p. in short), if any family F of closed sets with

(G #0
i=1
for any finite subfamily {C;,..., C,} C F satisfies

() C#0.

CeF

CewmeiicTBo F — 3TO LEHTPUPOBAHHAs CMCTEMA 3aMKHYTbIX MHOXECTB.
LleHTpupoBaHHas cncTeMa Ha3bIBAeTCsl MAaKCMMaJbHOM, ecii OHa
COAEPXNTCS B J1t0DOIA LeHTPYPOBaHHON CUCTEME.
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KomnakTHocTb KomMnakTHble Tonosornyeckne npocTpaHcTea

PROPOSITION 1.3.5 A topological space X is compact if and only if it hasJ
the f.i.p.

3pech TakXKe He MpennosaraeTcs, YTo BbIMOJHEHa akcmoMa Xaycaopda.
CmoTprTe TakxKe OCTasibHble SKBUBAJIEHTHbLIE YC/IOBUS, NEPEYNCTIEHHbIE
BblLLUE.

O NNC ) T CM (7 I3Te 73 sV -V EIV UM ta U Tekums 1.3 — "1.3 KomnakTHOcTb 1 Kown 8 mapTa 2011 r. 14 / 80



KomnakTHocTb KomMnakTHble Tonosornyeckne npocTpaHcTea

PROPOSITION 1.3.6 A topological space X is compact if and only if every
net has a convergent subnet. J

34ecb TakXKe He MPefnosaraeTcsi, YTO BbIMOJHEHA akcmoMa Xaycpopda.
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KomnakTHocTb KomMnakTHble Tonosornyeckne npocTpaHcTea

The next two propositions are easy consequences of the definition of
compactness.

PROPOSITION 1.3.7 If (X, 7) is a compact topological space and C C X
is a closed subset, then C is compact. J

DTOT pe3ynbTaT TakXKe BepeH b6e3 npennosioxeHunsi akcnomel Xaycgopda.
Nyywe Hanucate 8 PROPOSITION 1.3.7, yto then C is compact
topological space.
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KomnakTHocTb KomMnakTHble Tonosornyeckne npocTpaHcTea

PROPOSITION 1.3.8 If X, Y are topological spaces, f: X — Y is
continuous and K C X is compact, then f(K) is compact. J

/1 sToT pesynbTaT Takxke BepeH be3 npeanonoxeHns akcuomsl Xaycgopda.
YacTo ero dhopmynupytoT B cnefytolem Buge.

HenpepbiBHbIli 06pa3 KOMNAKTHOro NPOCTPAHCTBA €CTb KOMMNAKTHOE
MPOCTPAHCTBO.
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KomnakTHocTe KomnakTe!

PROPOSITION 1.3.9 If X is a Hausdorff topological space and K C X is
compact, then K is closed. J

B He xaycpopdhoBbix KOMMNAKTHBIX MPOCTPAHCTBAX 3TOT PE3yabTaT HE BEPEH.
VKaxxute npumepbl TakUX NPOCTPAHCTB.
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KomnakTHocTe KomnakTe!

Using this proposition 1.3.9, we can prove the following theorem which is
often useful.

THEOREM 1.3.10 A continuous bijection f from a compact space X onto
a Hausdorff space Y is a homeomorphism. J

DTy TEOPEMY MOXXHO MONYYUTb KaK CAEACTBNE TAKOTO WHTEPECHOTO
pe3ynbTaTa.

TEOPEMA 1.3.3 HenpepbiaHoe oTobpakeHue f KOMMNaKTHOro
npoctpaHcTea X B xaycaopdoBO MpOCTpaHCTBO Y ecTb oTobpakeHue
3aMKHyTOe.
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KomnakTHocTe KomnakTe!

CNEACTBWE 1.3.4. Ecim (X, 7) — xaycgopdoso, (X, o)—KoMnakTHOe u
TOMoOJIOrNst 0 He crabee TONoAOrMMA T, TO 3TN TOMOJIOrMK COBMAZAIOT;
NHaYe roBopsi, B JAHHOM MHOXXECTBE HEBO3MOXHO 3afaTb XaycAopdosy
TOMOJIOrMIO CYLLECTBEHHO Ciabee KOMMAKTHOM.

B camom Aene, nerko y6ep,|/|TbCﬂ, HYTO TOXAECTBEHHOE OTO6pa)KeHI/|e
1X: (X,O’) = (X)T)

ecTb oTobparkeHne HenpepbIBHOE, MOITOMY BCSKOE MHOXECTBO A,
3aMKHYTO€e B TOMOJIOTUMN T, SIBASIETCS 3aMKHYTbIM 1 B TonoJsiorun o. BmecTe
c Tem un3 Teopembl 1.3.3 cnegyet, 4To ecnm A 3aMKHYTO B TOnosorun o, To
OHO 3aMKHYTO U B TOMOJIOTUU T, T.€. 3TV TOMOJOrMM COBMNAAALOT.
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KomnakTHocTb Penakcauyunun

The next theorem is behind all major existence results in the calculus of
variations, optimization and optimal control. It is often known as
"Weierstrass theorem".

THEOREM 1.3.11 If X is a compact topological space and f: X — R* is
lower semicontinuous (resp. upper semicontinuous), then f attains its
infimum (resp. supremum) on X.

3pecb He Hy)XHa akcuoma Xaycgopda.
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KomnakTHocTb Penakcauyunun

COROLLARY 1.3.12 If X is e compact topological space and f: X — R is
continuous, then f attains its infimum and supremum on X. J

70T pesynbTaT 0bobuyeHmne Teopembl BeliepwTpacca. Yacrto ero
hbopMynupytoT B Takoil pegakuuu.

TEOPEMA 1.3.5. MNyctb A — KOMNaKTHOE MOAMHOXXECTBO
Tonosornyeckoro npocrtpaHcrtea X, a f — HenpepbiBHas Ha A
BELLLECTBEHHAsi (PYHKUWsI, Torga f orpaHuYeHa n LOCTUraeT CBOMX TOYHOM
HU>XKHE N TOYHOI BEPXHEN FPaHe.
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KomnakTHocTb CyeTHasi KOMNAKTHOCTb M CEKBEHLMAMbHAsi KOMMNAKTHOCTb

In the next definition we introduce two alternative definitions of
compactness.

DEFINITION 1.3.13 (a) A topological space (X, 7) is said to be "countably
compact if every countable open cover has a finite subcover. J

(b) A topological space (X, 7) is said to be "sequentially compact if every
sequence in X has a convergent subsequence.

HenocpeacTBeHHO U3 onpefeneHmnst ICHO, YTO KaXKA0e KOMMaKTHOE
MPOCTPAHCTBO CYETHO-KOMMAKTHO, MEXIY TEM KaK CHETHO-KOMMAKTHOE
MPOCTPAHCTBO MOXET U He ObITb KOMMNAKTHbLIM, KakK 3TO BUAHO U3
cnefyloLlero npumepa.

O NNC ) TN (/I3 73 sV -V EIV UM ta U Tekums 1.3 — "1.3 KomnakTHOCTb 1 Kowm 8 mapTa 2011 r. 23 /80



KomnakTHocTb CyeTHasi KOMNAKTHOCTb M CEKBEHLMAMbHAsi KOMMNAKTHOCTb

MPUMEP 1.3.6. lMNycte X — MHOXeCTBO BCEX MOPSIAKOBbLIX YUCEN
MEHbLUMX NMEPBOro HECHETHOrO MOPSAKOBOro Yucna 2 v nycte 7 —
Tononorus B X, 6a3oli KOTOPOIA Cy)KaT BCEBO3MOXHbIE UHTepBabl B X.
HeTpygHo npoBepuTb, 4TO nosydaemoe npu 3Tom npoctpaHcTeo (X, 7)
xaycaopdoBo, obiafaeT B KaXaol TOUKE JIOKabHOW cyeTHol basoi,
ABJIAETCS CYETHO-KOMMAKTHBLIM, HO HE KOMMAaKTHbLIM.
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KomnakTHocTb CyeTHasi KOMNAKTHOCTb M CEKBEHLMAMbHAsi KOMMNAKTHOCTb

[NoHATME KOMMAKTHOrO NMPOCTPaHCTBa SIBUJIOCh NMEPBOHAYANLHO YCUJIEHNEM
BBefeHHOro M. @pelue NOHATUS CHETHO KOMMAKTHOrO, Kak Tenepb
rOBOPAT, MPOCTPAHCTBA, €C/IN B HEM UMEET MECTO Kakoe-nunbo uns
CNeayoLWNX SKBUBANEHTHBIX MeXay coboii npeanoxeHuii:

1) B Ka>XAOM CHETHOM OTKPbITOM MOKPbITUN 3TOro NpoCTpPaHCTBA
COLOEPXKNTCA €ro KOHEHHOE NOAMNOKPbLITUE;

2) nepeceyeHne Nto0OON CHETHON LIEHTPUPOBAHHON CUCTEMBI HEMYCTbIX
3aMKHYTbIX €ro MOAMHOXXECTB HE MyCTO;

3) nepeceyeHne noboii cHeTHON yDObIBaOLLEA NOCNELOBATENBHOCTM
HENYCTbIX 3aMKHYTbIX MHOXECTB HE MYCTO;

4-) ANA KaXX[oro CHETHOro NnOAMHOXECTBA B HEM CYLLECTBYET TOYKaA
NOJIHOIO HAaKOMNMEHWA,
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KomnakTHocTb CyeTHasi KOMNAKTHOCTb M CEKBEHLMAMbHAsi KOMMNAKTHOCTb

5) BCsikasi CHETHAsi CUCTEMA 3aMKHYTbIX B HEM MHOXECTB C MyCTbIM
nepeceveHnem obnafaeT KOHEYHON MOACUCTEMON C MYCTLIM MEPECEYEHUNEM;

6) kaxxpoe ero BeckoHeHHOe NOAMHOXeCTBO obnagaet obnagaer obnagaer
XOTs1 Obl OAHON NPeaesbHOR TOYKOIA.

[NpnBenem elle oguH KPUTEPUIA CHETHOW KOMMAKTHOCTM, NMPeAcTaBASOLN
coboli TakXe 1 MOoJIHOE ONMCaHME KJlacCa MPOCTPAHCTE, YAOBAETBOPS IOLLINX
Knaccuyeckomy ycnosuto bonbuano-BeliepiTpacca.

[ns cyeTHolt komnakTHOCTK Ti-npocTpaHcTea X Heobxoanmo un
JOCTaTO4YHO, 4TObbI Ntobas beckoHeYHas NMOCAefoBaATENLHOCTL ToYek n3 X
nMena xoTsi bbl 0AHY NPefesibHYIO TOYKY.
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CuyeTHasi KOMNAKTHOCTb M CEKBEHLMANbHAs KOMMAKTHOCTE
MpocTpaHcTBo X Ha3bIBAETCS CEKBEHLNANBHO KOMMAKTHBIM, €CJN OHO
yAoBAETBOPSiET ycnosuto bonbuaHo-Beiepwtpacca, a nMeHHo: ntobas
BeckoHeuvHast NOCNEefOBaTENILHOCTb COAEPXKNT CXOASILLYIOCS
NoANOCAeA0BATENLHOCTb.

SlcHo, 4To B kNlacce T1-NPOCTPAHCTB CEKBEHLMAIbHAsi KOMMNAKTHOCTb
BJIEHYET 33 CODOI CUETHYIO KOMMAKTHOCTb; €C/IN >KE MPOCTPAHCTBO K TOMY
)K€ YAOBJIETBOPSIET NEPBOI aKCMOME CHETHOCTMU, TO U3 €r0 CHETHO
KOMMNAKTHOCTU CJiIefyeT ero CeKBEHLMAbHAasi KOMNAKTHOCTb.

B camom pene, ecnu {x,}peny — nponssonbHas beckoHeuHast
nocnefoeaTensHoOcTb B X, a X — CyLLeCTBYIOLWAsA B CUly CUHETHONA
KomnakTHocTU X npeaenbHast TOYKa, TO, PACCMOTPEB CHETHYIO
yHaameHTanbHyto cuctemy okpectHoctel { Uy fken Toukm x* Takyto, 4TO
Uk+1 C Uk, MOXHO BbIAENNTL NMOANOCNEA0BATENLHOCTL {Xp, },
cxoasLytocs K x*.

[MprMepoM CeKBEHUMANLHO KOMMAKTHOMO, HO HE KOMMAKTHOrO
npocTpaHcTsa (B cuay ckasaHHOro Bbilwe) MoxeT cayxuts [MPUMEP 1.3.6.
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KomnakTHocTb CyeTHasi KOMNAKTHOCTb M CEKBEHLMAMbHAsi KOMMNAKTHOCTb

Cnenytolwme aBa YTBEPXAEHUS] CBUAETENLCTBYIOT, YTO B KJlacce
NPOCTPaHCTB, 0bNafaoLMX CHETHON 6a30i, BCe paCCMOTPEHHbIE BbILLE
TUMbl KOMMNAKTHOCTU MO CYLUECTBY PAaBHOCWJIbHBI.

MPEONOMNEHUE 1.3.7. ns npocTpaHCcTB co cHeTHol bazoi
KOMMaKTHOCTb PaBHOCUJIbHA CYETHOW KOMMAKTHOCTH.

MPEONONEHWE 1.3.8. ns T1-npocTpaHCTB CO CHETHOI ba3ofi
KOMMaKTHOCTb, CEKBEHLMAJIbHASA KOMMAKTHOCTb M CHETHAsl KOMMaKT-
KOMMaKTHOCTb PaBHOCUJIbHbI.
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KomnakTHocTb CyeTHasi KOMNAKTHOCTb M CEKBEHLMAMbHAsi KOMMNAKTHOCTb

REMARK 1.3.14 Clearly X is countably compact if and only if every
sequence in X has at least one cluster point. J

So a sequentially compact space is countably compact, while the converse
is true if X is first countable (Theorem 1.1.44(a)).

Also every compact space is clearly countably compact. )

In Section 1.4 wi will see that for metric spaces the notions of
compactness, countable compactness and sequential compactness coincide
(Corollary 1.4.27).

Arguing as in the proof of Proposition 1.3.8, we can show that the
continuous image of a countably compact set is countably compact.
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KomnakTHocTb CyeTHasi KOMNAKTHOCTb M CEKBEHLMAMbHAsi KOMMNAKTHOCTb

Motivated from these sequential versions of compactness, we also introduce
a corresponding sequential version of lower semicontinuity.

DEFINITION 1.3.15 A function f: X — R* is "sequentially lower
semicontinuous at" X, if for every sequence x, — x in X, we have that

f(x) < liminf f(x,).

We say that f is "sequentially lower semicontinuious if it is sequentially
lower semicontinuous at every x € X.
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KomnakTHocTb CyeTHasi KOMNAKTHOCTb M CEKBEHLMAMbHAsi KOMMNAKTHOCTb

REMARK 1.3.16 Every lower semicontinuous function, is sequentially lower
semicontinuous.

The converse is true if X is first countable, but it fails for general
topological spaces. To see this let A C X. Then the indicator function (see
Example 1.1.42), ia is lower semicontinuous (resp. sequentially lower
semicontinuous) if and only if A is closed (resp. sequentially closed, i.e.

x € A if and only if there exists a sequence in A converging to x).

In many important topological spaces (for example Banach spaces with the
weak topology, see Chapter 3), there are sequentially closed sets which are
not closed.
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KomnakTHocTb CyeTHasi KOMNAKTHOCTb M CEKBEHLMAMbHAsi KOMMNAKTHOCTb

DEFINITION 1.3.17 Let X be a topological space. A function : X — R*
is said to be "coercive" (resp. "sequentially coercive"), if for every A € R,
the set Ly = {x € X : f(x) < A} is countably compact (resp. sequentially

compact) in X.
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KomnakTHocTb CyeTHasi KOMNAKTHOCTb M CEKBEHLMAMbHAsi KOMMNAKTHOCTb

REMARK 1.3.18 Every sequentially coercive function is coercive (see
Remark 1.3.14) .

Also if f is coercive (resp. sequentially coercive) and f < g, then g is
coercive (resp. sequentially coercive) .

If f is coercive (resp. sequentially coercive), then every sequence
{Xn}n>1 C X such that limsup f(x,) < 400, has a cluster point (resp. a
convergent subsequence) in X. Then converse is true if f is lower
semicontinuous or X is metrizable. )
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KomnakTHocTb CyeTHasi KOMNAKTHOCTb M CEKBEHLMAMbHAsi KOMMNAKTHOCTb

The next theorem extends Theorem 1.3.11 and essentially summarizes the
so-called "direct met hod of the calculus of variations".

THEOREM 1.3.19 If X is a topological space and f: X — R* is coercive
and lower semicontinuous (resp. sequential coercive and sequentially lower
semicontinuous), then

(a) f has a minimum point in X; J

(b) if {xn}n>1 is a minimizing sequence of f in X and x is a cluster point
of {xn}n>1 (resp. x is the limit of a subsequence of ({x,}n>1) , then x is a
minimum point of f on X;

(c) if f is not identically +o00, then every minimizing sequence for f has a
cluster point (resp. convergent subsequence).
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KomnakTHocTb CyeTHasi KOMNAKTHOCTb M CEKBEHLMAMbHAsi KOMMNAKTHOCTb

In Definition 1.1.39 we introduced the not ion of relaxed function f (or
lower semicontinuous envelope). Now we will consider the connection
between the minimum problem inf f and the relaxed minimization problem
infx f. In particular in the next theorem, which can be seen as o the
starting point of the relaxation theory of the calculus of variations, we
describe the behavior of the minimizing sequences of f in terms of the
minimizers of f.

THEOREM 1.3 .20 If X is a topological space and f: X — R* is coercive,
then the following hold

(a) f is coercive and lower semicontinuous;

(b) f has a minimum point in X;

(c) miny f = infx f;

(d) every cluster point of a minimizing sequence for f is a minimum point
for f in X;

(e) if X is first countable, then every minimum point for f is the limit of a
minimizing sequence for f in X.
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KomnakTHocTb CHoBa o KoMnakTax

REMARK 1.3.21 The above theorem can be used to find minimizers of a
coercive functional f, provided we know f explicitly.

More precisely, first we determine the set of all minimizers of the relaxed
functional £, which by Theorem 1.3.20(b) is nonempty. Then we evaluate
the function f and f on each minimizer of . Then by virtue of Theorem
1.3.20(c), the minimizers of f are exactly those minimizers f for which we
have f = f(x).
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KomnakTHocTb CHoBa o KoMnakTax

The next result is in the spirit of Theorem 1.1.28 ((a) < (d))) and is
known as "Alexander lemma". For a proof we refer to Kelley (1955), p. 139.

LEMMA 1.3.22 If X is a topological space and F is a subbase for the
topology of X, then X is compact if and only if every open cover of X
consisting of elements of F has a finite subcover.

Huxxe bonee TouHasi hopMynpoBKa, B KOTOPOIA YTBEPXKAAETCS
CYLLECTBOBAHNE HEKOTOPOI Npenbdasbl, a HE A1si BCAKOM, KakK y aBTOPOB.

TEOPEMA 1.3.9 (XK. AJIEKCAHZEP). Ons Toro 4tobel Tonosorus
npoctpaHcTea X Oblna KOMNaKTHOW, HEOBXOANMO 1 AOCTAaTOYHO, YTODbLI
oHa obnapjana Takoil npeabazoin o, YTo Ntoboe nokpeiTUe npocTpaHcTea X
3/IEMEHTAMIN N3 (v COAEPXKANIO KOHEYHOE MOAMOKPbLITUE.
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KomnakTHocTb CHoBa o KoMnakTax

The Alexander lemma enables us to prove the following theorem, which is
one of the most important compactness results in mathematics and is
known as "Tychonov theorem".

THEOREM 1.3.23 The product of a family of topological spaces is compact
in the product topology if and only if each factor of the product is compact.J

34eCb KOMMAKT B CMbIC/IE KOMMAKTHOE TOMOJIOMMYECKOE NPOCTPAHCTEBO.
Akcunoma Xaycnopda He Hy»xHa!
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KomnakTHocTb CHoBa o KoMnakTax

PROPOSITION 1.3.24 Every compact Hausdorff topological space is J
normal.

3amMeTuM, 4TO BEPHO

MPEOTONMEHNE 1.3.10. 3aMkHYTOE MNOAMHOXECTBO KOMMAKTHOMO
TOMOJIONMYECKOrO MPOCTPAHCTBA SIBSIETCS KOMMAKTHBIM TOMOAOrMYECKNM
MPOCTPaHCTBOM.

ObpaTHoe yTBEpXAEHME HE BEPHO, 16O ecnm A cobcTBEHHOE HenycToe
MOAMHOXECTBO aHTUANCKPETHOro npocTpaHcTea X (B Hem Tonbko camo X
N NyCTOE€ MHOXECTBO OTKprTbI), TO A 3aBEAOMO KOMMAKTHO, XOTA N HE
3amkHyTa B X. Takas cuTyauus UCKIOYEHa B Cay4dae xaycaopdoBbix
NPOCTPaHCTB.

MPEOTONMEHNE 1.3.11. KomMnakTHOe NOAMHOXECTBO XaycaopdoBa J

TOMNOJZIOTNMYECKOro NPOCTPAHCTBA ABNAETCA 3aMKHYTbIM.

KomMnakTHoe 1 xaycfopcpoBO MPOCTPAHCTBO MPUHSATO Ha3bIBaTb
KOMMNAKTOM.
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KomnakTHocTb CHoBa o KoMnakTax

N3 npegnoxennii 1.3.10 n 1.3.11 cnenyeT, 4T0 noaMHoxxecTBo M KomnakTa
X KOMMaKTHO B TOM M TOJIbKO B TOM CJy4ae, C/Ii OHO 3aMKHYTO, T. €. B
KOMMNaKTax MOHSATUS 3aMKHYTOCTU M KOMMAKTHOCTW PaBHOCUIbHbI.

XaycaopdoBbl MPOCTPaHCTBA, 3aMKHYThIE B JItoboM obbemitouiem
xaycaopdhoBOM MPOCTPAHCTBE, Ha3blBalOTCA H-3aMKHYThIMU Man
abCoMOTHO 3aMKHYTbIMN.

He Bcsikoe H-3amKHYTOE NMPOCTPaHCTBO KOMMAKTHO, OfHAKO UMEET MECTO
npunagnexatwas . C. Anekcangposy un 1. G. VpbicoHy.

Teopema (1922). PerynsipHoe T1-npocTpaHcTBO H-3aMKHYTO B TOM 1
TOJIbKO TOM CJ/lyH4ae, ec/in OHO KOMMaKTHO.

[NpyBefeHHbIE pe3yNbTaThl U AAtOT OCHOBaHWS BOCMPUHUMATD
KOMMAaKTHOCTb, KakK abCOJIIOTHYIO 3aMKHYTOCTb.
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KomnakTHocTb PurHaNBbHO KOMMAaKTHbIE WAN JINHAENEBCKME MPOCTPAHCTBA

We can improve this proposition. For this purpose we need to introduce the
following definition.

DEFINITION 1.3.25 (a) A topological space X is said to be "Lindelof if
every open cover of XS has a countable subcover;

(b) A topological space X is said to be "hereditarily Lindelof if every
subspace of X is a Lindelof space.

B poccniickoii nintepatype Hanbosnee ynotpebutenen Tepmun PuHanbHoO
KOMMakTHble (MHAENECKNE NN TMHAENEPOBBLI) NPOCTPAHCTBA.

Hapsigy ¢ KOMNakTHbIMW, CHETHO-KOMMNAKTHLIMU U CEKBEHLMABHO
KOMMNAKTHbIMU MPOCTPAHCTBAMU Ba)KHYIO POJib UFPAOT TakXXe Tak
Ha3blBaeMble (DUHAILHO KOMMAKTHbIE MPOCTPAHCTEA.
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KomnakTHocTb PurHaNBbHO KOMMAaKTHbIE WAN JINHAENEBCKME MPOCTPAHCTBA

MpocTpaHCTBO Ha3biBaeTCs DMHANBHO KOMMAKTHBIM (IMHACNEDOBLIM),
€C/IN BCSIKOE €ro OTKPLITOE MOKPLITUE COAEPXKUT He Bonee Yem CHETHOE
MOAMOKPbLITHE.

HenocpencTeeHHo 13 onpegeneHnsi CieayeT, YTO BCAKOE KOMMAKTHOE
NPOCTPAHCTBO PUHANBLHO KOMMAKTHO, OfHAKO, EBKJINI0BLI MPOCTPAHCTBA
Ntoboi pa3MEPHOCTK, a Takxe cenapabenibHble rmaLbepTOBLI NPOCTPaHCTBA
Cy>KaT NPUMEPaMI HE KOMMAKTHBIX, HO (DUHAIBHO KOMMAKTHbIX
MPOCTPaHCTB.

BwmecTe ¢ TEM, O4HEBMNAHO, H4TO €CNn NPOCTPAHCTBO OAHOBPEMEHHO
CbI/IHaﬂbHO KOMMNAKTHO N CHETHO KOMMAKTHO, TO OHO KOMMAKTHO.

MNMogmHoxecTBO A npocTpaHcTBa X HasblBaeTCs pUHANBHO KOMMAKTHBIM,
€C/IN OHO KaK MOAMNPOCTPAHCTBO NpocTpaHcTBa X SABASIETCA hUHANLHO
KOMMNAKTHbIM.
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KomnakTHocTb PurHaNBbHO KOMMAaKTHbIE WAN JINHAENEBCKME MPOCTPAHCTBA

Jlerko ybennTbcs, 4To nogmHoxectBo A npoctpaHcTBa X huHanbHO
KOMMaKTHO TOTAA U TOJIbKO TOrAa, Korga u3 Noboro ero nokpbITus
OTKPbITbIMU B X MHOXECTBAMU MOXHO BblOpaTh HO bosiee YeM CHETHYIO
MOACUCTEMY, TOXKE MOKPbIBAIOLLYIO MHOXECTBO A.

[puBeaeM HekoTOpble pe3yNbTaThl O (OUHANBHO KOMMAKTHbBIX
MPOCTPaHCTBAX.

MPEONONEHUE 1.3.12. ObbeauHenmne He bonee Yem CYETHOrO Yucna
CbVIHaJ'IbHO KOMMNAKTHbIX NOAMHOXECTB NPOCTPAHCTBA X SABNAETCA
cbleaano KOMMNAKTHbIM.

MPEANONEHUE 1.3.13. Besikoe 3aMKHYTOE NOAMHOXECTBO (DUHANBHO
KOMMAKTHOrO MPOCTPaHCTBa (hrHANBLHO KOMMAKTHO.

MPEANONEHNE 1.3.14. HenpepbiBHblii 06pa3 huHaIbHO KOMMNAKTHOMO
NPOCTpaHCcTBa (hrHANLHO KOMMAKTEH.
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KomnakTHocTb PurHaNBbHO KOMMAaKTHbIE WAN JINHAENEBCKME MPOCTPAHCTBA

REMARK 1.3.26 It is easy to check that the Lindeldf property is
F-hereditary (see Remark 1.1.54). J

Mockonbky hrHaNbHasi KOMMNAKTHOCTL HE SIBJSIETCS CBOWCTBOM Ha-
HacnefCcTBEHHbIM, TO MPeACTaBASET UHTEPEC U CleayloLlee NpeasioXeHue.

MPEOJTONEHWE 1.3.14. MNpocTpaHCTBO HAacNeACTBEHHO PUHANBHO
KOMMNaKTHO TOr4a a TOJIbKO TOrAa, KOrga oHo obiafaeT CBOWCTBOM
JNunpeneda.
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KomnakTHocTb PurHaNBbHO KOMMAaKTHbIE WAN JINHAENEBCKME MPOCTPAHCTBA

PROPOSITION 1.3.27 Every second countable topological space X is
Lindelof. J

MonsaTue nunpenédosa npoctpaHctea seenu [1.C. Anekcangpos u I1.C.
Vpbicon B 1929 r. (Jlnnaenés gokasan 8 1903 r., 4To npou3BosibHOE
cemeiicTo OTKpbIThIX B RN MHOXECTB cOaepXUT CHETHOE NoACeMeicTBO C

TeM xe obbeguHeHnem).
Kak 370 4acTo DbiBaeT: XopoLiasi TeEOpeMa NPeBPaLLAETCst B ONpenesieHme.
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KomnakTHocTb PurHaNBbHO KOMMAaKTHbIE WAN JINHAENEBCKME MPOCTPAHCTBA

REMARK 1.3.28 In fact we can improve this proposition and prove that
every second countable topological apace is hereditarily Lindeldf. J
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KomnakTHocTb PurHaNBbHO KOMMAaKTHbIE WAN JINHAENEBCKME MPOCTPAHCTBA

We have the following stronger version of Proposition 1.3.24.

PROPOSITION 1.3.29 Every regular Lindelof space X is normal. J

VAMBNTENBHO, YTO 3[4€Ch B YCNOBUW NMPEAJIOKEHNS OTCYTCTBYET akCUoMa
Xaycpopdha. CpasHute ¢ Proposition 1.3.24.
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KomnakTHocTb PurHaNBbHO KOMMAaKTHbIE WAN JINHAENEBCKME MPOCTPAHCTBA

From Definitions 1.3.13(a) and 1.3.25(a), we have:

PROPOSITION 1.3.30 A countably compact and Lindelf topological
space is compact. J
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KomnakTHocTb JlokanibHO KOMMaKTHbIE MPOCTPAHCTBA

Many of the important spaces in analysis are not compact , but instead
have a local version of compactness (typical example is the space RV).
This leads us to the following definition.

DEFINITION 1.3.31 A Hauadorff space X is "locally compact" , if each
point has a relatively compact neighborhood. J

OMNPEAENEHUME (M. C. ANEKCAHPOB). MpocTtpancteo X HasbiBaeTcs
JIOKaJIbHO KOMMaKTHbIM B TOYKe Xg € X, €CNUN CyLLeCTBYET Takasi ee
OTKpbITas okpecTHocTb Up, 4To Uy KOMNaKTHO.

[MpocTpaHcTBO X Ha3biBaeTCSA NOKAJIbHO KOMMNAKTHBLIM, EC/IN OHO JIOKaJIbHO
KOMMNAaKTHO B Ka>X[Oi CBOEN TOYKE.

SCcHO, YTO BCAKMNIA KOMNAKT SABASIETCSA IOKAJIbHO KOMMNAKTHBIM
NMPOCTPaHCTBOM.

BoT HekoTOpble CBOICTBA JIOKAJIbHO KOMMAKTHbIX MPOCTPAHCTE.

MPEOTONMEHUE 1.3.15. 3aMkHYTOE NOAMHOXECTBO JIOKaJIbHO J

KOMMNAKTHOIro NpoCTpaHCTBA CaMO JIOKaJIbHO KOMMAKTHO.
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KomnakTHocTb JlokanibHO KOMMaKTHbIE MPOCTPAHCTBA

MPEOJTOMEHWE 1.3.16. Besikoe oTkpbiToe nogmHoxectso G
KOMMaKTHOro xaycaopdosa npocTpaHcTea X JIOKalbHO KOMMAKTHO.

MPEONONMEHUE 1.3.17. XaycaopdoBo NpocTpaHCTBO, SIBASIOLLEECS
0bpa3oM JI0KaJIbHO KOMMAKTHOFO MPOCTPAHCTBA MPU OTKPLITOM
oTObpaXkeHnn, JIOKaNbHO KOMMAKTHO.

MPEONONEHUE 1.3.18. B knacce xaychopdoBbIX NPOCTPAHCTE AJ1s
JIEKaNbHOM KOMMAKTHOCTW TUXOHOBCKOrO npowu3segerus X noboro
CeMEICTBA HEMYCTbIX TOMNONOrMYECKMX NPOCTPAHCTB {4, v € A}
HEOBXOANMO M [OCTAaTOYHO, YTODBLI BCe coMHOXUTENM X, 33
NCKJTIOYEHNEM KOHEYHOro MX Yncna, bbuin KoMnakTamu, Npuyem
HEKOMIMAKTHbIE COMHOXMUTENMN BbLIN IOKANIbHO KOMMAKTHBIMM.
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KomnakTHocTb JlokanibHO KOMMaKTHbIE MPOCTPAHCTBA

PROPOSITION 1.3.32 If X is a Hauadorff topological space, then the
following properties are equivalent:

(a) X ia locally compact;

(b) for every x € X and U € N(x), there is a relatively compact

V € N(x) such that V C V C U;

(c) if K is compact, U is open and K C U, there is a relatively compact
open set V suchthat K C V C V C U.
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KomnakTHocTb JlokanibHO KOMMaKTHbIE MPOCTPAHCTBA

REMARK 1.3.33 From the equivalence of (a) and (b), it follows that a
locally compact space is regular (see Proposition 1.1.49) . Also from the
same equivalence it follows that X is locally compact if and only if it has a
basis consisting of relatively compact open sets.
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KomnakTHocTb JlokanibHO KOMMaKTHbIE MPOCTPAHCTBA

The next proposition gives a useful property of locally compact spaces.

PROPOSITION 1.3.34 If X is a locally compact space, K C X is compact,
U C X is open and K C U C X, then there is a continuous function
f: X —[0,1] such that f|x =0 and f|yc = 1.
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KomnakTHocTb JlokanibHO KOMMaKTHbIE MPOCTPAHCTBA

REMARK 1.3.35 In particular, Proposition 1.3.34 implies that a locally
compact space is completely regular. J
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KomnakTHocTb O-KOMMaKTHbI€ MPOCTPaHCTBa

DEFINITION 1.3.36 A locally compact space X is said to be "o-compact ",
if X = Un21 C, with C, compact, n > 1.

Hapsagy c nokanbHO KOMNAKTMOCTLIO €Lle OAHUM BaXKHbIM 060bLieHneEM
KOMMaKTHOCTUN SBNSIETCA TakK Ha3blBaeMast 0-KOMMNAKTHOCTb.

OMNPEAENEHWE. MpoctpaHcTeo X Ha3biBaeTCs 0-KOMMAKTHLIM UK
CYETHLIM B HECKOHEYHOCTM, €C/I OHO MPEACTaBUMO B BUAE OOBEAUHEHUS
He Bonlee YEM CYETHOrO HMCNa CBOMX KOMMAKTHbLIX NOAMHOXECTB.

Jlerko NOHATb, YTO 0-KOMMNAKTHOCTb HAaCNeAyeTCA MO 3aMKHYTbIM
MHOXX€ECTBaM, nbo cnen KOMMNaKTHOro MHOXXeCTBa Ha 3aMKHYTOM
MHOXXECTBE KOMMAKTEH.

Mpumepsl. Jlioboe oTkpbIToe NogMHOxXecTBO npocTpanctea RN npu Bcsikom
N € N ecTb He KOMNAKTHOE, HO 0-KOMMAKTHOE MPOCTPAHCTBO.

Bcsikoe HecueTHOe AUCKPETHOE MPOCTPAHCTBO, Kak JIEFKO MOHATH, He
SIBISIETCS| 0-KOMMAaKTHbBIM, XOTsi OHO (KaK y)Xe OTMEe4asioch BbILLE)
JIOKaNbHO KOMMAKTHO.
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KomnakTHocTb O-KOMMaKTHbI€ MPOCTPaHCTBa

Mo>xkHO AoKa3aTb, 4TO beckoHeYHOMepHOe rMNLBEPTOBO NMPOCTPAHCTBO B
cBoefll cna60|7| TONONOTNN ABNAETCA 0-KOMMNAKTHbIM, HO HE JIOKAJIbHO
KOMMNAKTHbIM NPOCTPAaHCTBOM.

This definition 1.3.36 has other equivalent formulations.

PROPOSITION 1.3.37 If X is a Hausdorff topological space, then the
following properties are equivalent: J

(a) X is locally compact Lindelof; ]

(b) X can be expressed as | J,~; Un, where U, C Upy1 and U, is relatively
compact open set;

(c) X is o-compact. |
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Now we will see under what conditions a topological space X is
homeomorphic to a subset of a compact Hausdorf topological space.

DEFINITION 1.3.38 Let (X, 7) be a topological space. If Xx is a compact
Hausdorff space and f is a homeomorphism of X onto a dense subset of
X, then Xx or (X, f) is said to be a "compactification” of X or (X, 7).

KomnakTtudumkaums no M. C. AnekcaHapoBy uau ewie roBopst
oaHoTOoYe4YHas komnakTumdkaums Anekcanaposa. OHa nosgonser
TOMOJIOrMHECKN BIOXKNTb (T. C. roMeoMopgHO 0TobpasuTs) ntoboe
JIOKaNIbHO KOMMAKTHOE XaycAopdOBO NPOCTPAHCTBO B KOMMAKTHOE MyTeM
"npucoesuHeHnss” K HeEMY INLLb OAHON BECKOHEYHO YAANEHHOR TOYKM.
DTa KOMNAKTMUKALNS HALLIA 1 NPOAOJKAET HAXOANTbL BaXKHbIE
MPUJIOKEHUS B CaMbIX Pa3NYHbIX pasfenax MaTeMaTuKn. 30eck Mbl
dopmynmpyem, cTaswyto knaccuyeckoii Teopemy 1. C. AnekcaHgposa, a
TaKXXe MPUBOAUM HEKOTOPbIE €€ CNEeACTBUS.
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Next we show that locally compact spaces have an easy compactification.

THEOREM 1.3.39 If (X, 7) is a noncompact, locally compact Hausdorff
space, then X has a compactification (X, ), where the range of f
contains all but one point of the space Xx.

TEOPEMA 1.3.19. Bcsikoe nokanbHO KOMMaKTHOE (HO HE KOMMaKTHOE)
xaycaopoBo NpocTpaHcTo (X, 7) MOXKHO TOMONOTMHECKU BAOXKMNTD B
HekoTopbIi BukomnakT (X*, 7*) n npuyem Tak, 4TObbLI JOMONHEHME 0bpa3a
X B X* bbno ogHoTo4YedHbIM. [pu atom ecim F: X — X*u g: X — Y*
CyTb [,Ba TaKUX BJIOXKEHWUS, TO CYLUECTBYET €4MHCTBEHHbIA roMeomMopdu3m
h: X* — Y* 1akoii, 4to ho f = g nan nHaye KOMMyTaTVBHA gMarpamma.

V.
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OpHoToueyvHast koMnakTudmkaums AnekcaHgpoBa NOAYy4aeTCs NPy TakoM
MOCTpOeHUU:

Paccmotpum mHoxectBo X* = X U {w}, nonyyaemoe npncoeguHeHnem K
MHOXeCTBY X HEKOTOPOro He MPUHAANEXALLEro eMy 3/1eMeHTa w
KaKoli-n1nbo NpupoAbl, YCIOBHO Ha3biBaEMOro BECKOHEHHO yaaneHHO
Toukoii. 3agagum B X™ Tononoruio 7*, cYMTas OTKPLITEIMU BCe
noAMHoXecTBa 13 X, OTKpbITbIE B TONOMOMMN T, A TakXXe BCe
nogMHoxecTsa ns X, sasnsiouine JONOAHEHUAMN K KOMNAKTHbIM
nogmHo)xxecteam B X.
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REMARK 1.3.40 The compactification X* of Theorem 1.3.39 is called the
"Alexandrov one-point compactification"of X. If X = R with the usual
topology, then the one-point compactification of R is homeomorphic to a
circle. If we denote the added point of the compactification by w, then if

n — oo (i.e. the integers become large), n — w and —n — w (in the
topology of the one-point compactification).

Actually for R, another compactification is more often useful. We adjoin to
R the two points +00 and —oo. The neighborhoods of —oo contain a set
of the form [—oo, n) and the neighborhoods of +o0 contain a set of the
form (n,+o0], n € {1,2,...}. The result is the extended real line

R* = R U {4o0}. The one-point compactification of R? is the sphere with
homeomorphism the stereographic projection, well known to mapmakers.
Finally from the definition of the compactification topology 7¢, for a set
AC X, AU{+oo} is closed in (Xx*,7¢) if and only if A is closed in (X, 7).
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MNMapakomnakTHOCTL

The notion of paracompactness that we are about to introduce, is another
very useful generalization of compactness. The main reason that
paracompactness is so important, is that it is closely related to the concept
of a partition of unity. Partitions of unity define "moving"convex
combinations and are a basic tool for proving selection theorems (Chapter
4) and fixed point theorems (Chapter 1).

DEFINITION 1.3.41 (a) F1 = {Ui}ics and F» = {V}}jey are two covers of
a set X, we say that 7, is a "refinement "of Fi, if for each j € J, there is
some j € | with V; C U;.

(b) A collection F1 = {U;}ic of subsets of a topological space X is said to
be "locally finite if every point of X has a neighborhood which intersects at
most finitely many U;;

(c) A Hausdorff topological space X, is said to be "paracompact if every
open cover of the space has an open locally finite refinement.
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MNMapakomnakTHOCTL

CewmeiictBo nogmHoxects {As}scs Tononornyeckoro npocrpaHcrea X
Ha3bIBAETCS JIOKAJIbHO KOHEYHBIM, €C/IN ANsi KaXKAON Toukm x € X
cylecTByeT Takasi okpectHocTb U, 4to mHoxectBo {s € S : UN A # 0}
KOHEYHO.

[ns kaxgoro sokasbHO KoHeuHoro cemelictea {As}scs nmeeT mecTo
paBeHcTBO (cM. DHrenbkunr, cTp. 40, Teopema 1.1.11).

Us-U%
seS seS

Kpome Toro, cemeiicteo {As}scs, cocTosiwee ns 3ambikanuii B X, Toxe
ABNSETCA JIOKANIbHO KOHEYHBIM.
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OnpepneneHne. Tonosorn4eckoe NPOCTPaHCTBO Ha3blBAETCS
NnapakoMMaKTHbLIM, EC/IN B J1l0H6OE Ero OTKPLITOE MOKPbITME MOXHO BMNUCATb
JIOKaJIbHO KOHEYHOE OTKPbITOE MOKPbLITHE.

SlcHo, 4TO BCSKOE KOMMNAKTHOE MPOCTPAHCTBO 3aBEJOMO MapakoMMNaKTHO,
16O KOHEYHOE MOAMOKPLITNE ABISETCS KaK BMUCAHHLIM, TaK 1 JIOKaJIbHO
KOHe4HbIM. [TpuMepbl NOKa3bIBalOT, YTO MapakOMMaKTHbIE NPOCTPaHCTBA
COBCEM He 00s13aHbl ObITb KOMNaKTHLIMU. HeTpyaHo npoBepuTs, 4TO
MPOCTPAHCTBO MOJIYOTKPbLITBIX C/I€EBA UHTEPBAJIOB NAPAKOMMAKTHO, NO He
KOMMNaKTHO.
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Mpumep. Tononorus nonyoTkpbITbix nHTepsanos. Mycts (X, <) —
MPON3BOILHOE JIMHEIHO ynopsigodeHHoe MHoxecTso, a 3(~) — cucrema
BCEX MOJIYOTKPbITbIX C/IeBa MHTEPBAJIOB, T.€. MHOXECTB BUAA

(a,b] = {x € X : a < x < b}. Hetpyaro nposeputs, 4to cucrema [(-)
CNY>XNT 6a30i HEKOTOPI TOMOAOrMN, HA3LIBAEMOI TOMOAOrME
MONYOTKPbITbIX C/IEBA MHTepBanoB. Ananornyno, cuctema 3(H) seex
MOJIYOTKPLITHIX CMpaBa UHTEPBAJIOB CNYXUT Ba3oli Tonosoruu,
Ha3bIBAEMOM TOMOJIOrNEN MOMYOTKPLITLIX CpaBa MHTEPBAJIOB.

BmecTe ¢ TemM nMeeT MecTo cnefytollee yTBEPXKAEHME.

MPEONONMEHNWE 1.3.20 Ecnn napakoMnakTHoe npocTpaHcTBo X

CEKBEHUMNANIBHO KOMMNAKTHO, TO OHO BUKOMMAKTHO.

MPEOJTOMEHWME 1.3.21. Bcsikoe 3aMKHYTOE MOAMPOCTPAHCTBO
NapakoMnakTHOrO NPOCTPAHCTBA NapakOMMAaKTHO (MHbIMU ClOBaMu, na-
NapakKOMMNAKTHOCTb HAC/NenyeTCA NO 3aMKHYTbIM MHO)KeCTBaM).
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CornacHo Teopeme Maiikia NapakoMMakTHOCTb HACNEAYETCS HE TOJLKO MO
3aMKHYTbIM, HO 1 MO NtobbIM MHOXeCTBaM Tuna F,, eciam ncxogHoe
MPOCTPAHCTBO PEryJsiPHO.

[Npou3BeaeHne to0BOrO CEMENCTBA KOMMAKTHBIX MPOCTPAHCTE KOMMAKTHO,
O[lHAaKO, OKa3blBAeTCsl, YTO NMPOU3BEAEHNE AaXKe ABYX MAPAaKOMMAKTHbIX
MPOCTPAHCTB MOXET HE ObITb MAapPaKOMMAKTHLIM. TeM He MeHee NMeeT
MECTO HUXXecNeayloLlee yTBeEpXKAEHNE, KOTOPOe HacTO OKa3blBaeTCA
MOJIE3HBIM.

MNMPEOJTOMEHWE 6.4. NpounseeaeHne napakoMnakTHOrO NpOCTPaHCTBA Ha
KOMMAKTHOE MapakoMMNaKTHO.

Cnegyrownii HETPUBMANLHBIV NPU3HAK NAaPaKOMMAKTHOCTM NMPUHAANEXMNT
3. Matikny.

MPEONONEHWE 1.3.22. Ecnu B ntoboe OTKpLITOE MOKPLITUE MPO-
npocTpaHcTBa X MOXHO BMUCATb JIOKaJbHO KOHEYHOE 3aMKHYTOE
nokpbiTe, To X NapakoMmnaKTHO.
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MNMapakomnakTHOCTL

EXAMPLE 1.3.42 It is evident that any compact Hausdorff space is
paracompact. J

In Theorem 1.4.13, we will see that every metrizable space is paracompact. |

Paracompactness is an F-hereditary property and it is invariant under
continuous surjections which map closed sets to closed sets.

The cartesian product of paracompact spaces, need not be paracompact for
the product topology.

However, if we know that the product with the product topology is
paracompact, then each factor space is paracompact.

O NNC ) TN (/I3 73 oV -V EIV P/ ta U ek s 1.3 — "1.3 KomnakTHoOcTb 1 kown 8 mapTa 2011 r. 66 / 80



MNMapakomnakTHOCTL

PROPOSITION 1.3.43 Every paracompact space X is normal. )

DTa Teopema gokasaHa [befonHe B 1943 .
D70 NPeAsioKEHNE BLITEKAET U3 CIEAYIOLLErO

MPEANONEHNE 1.3.23. XaycaopdoBo napakoMnakTHOE MpPOCTPaHCTBO
peryasipHo. J

CNELCTBUE 1.3.24. XaycaopdoBo napakoMnakTHoe npocTpaHcTBo X He
TONILKO HOPMaJsibHO, HO 1 BuHopmansHo, T. e. unanHap X X | Toxe
HOPMaJieH.
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REMARK 1.3.44 In general a normal space need not be paracompact. J

O NNC ) TN (7 I3Te 70 sV -V EIV U/ ta U ek s 1.3 — "1.3 KomnakTHOCTb 1 kown 8 mapTa 2011 r. 68 / 80



MNMapakomnakTHOCTL

Before establishing the existence of a continuous partition of unity for
paracompact spaces, we will state a few more useful facts about coverings
of a space. We start with the following nontopological version of Definition
1.3.41(b).

DEFINITION 1.3.45 A covering {A;}ics of a set X is said to be
"pointfinite if for each x € X, there are at most finitely many indices i € /
such that € A;.

3p,er YMECTHO OCTAHOBUTBCA Ha Tak Ha3bIBAaEMOIi CUSIbHON U cnaboii
NapakKOMMaAKTHOCTW.

OMPEAENEHUE. Mokpbitne S = {A;}ic; mHoxecTBa X HasbiBaeTCs
3BE3JHO KOHEYHbIM, €C/IN KaXKAbIA €ro 3/1EMEHT NepecekaeTcs nLlib C
KOHEYHbIM YNCJIOM 3JIEMEHTOB U3 S, 1 HA3bIBAETCSI TOHEHHO KOHEUHbBIM,
ecnn ntobast Touka n3 X NPUHAZNEXUT JNLWb KOHEYHOMY HUC/Y S/IEMEHTOB
NOKpbITUSA S.
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OMNPEAENEHWE. MpoctpatcTteo X HasbiBaeTcst cuabHO (COOTBETCTBEHHO
CJ1360) NapaKOMMaKTHbLIM, €C/IN BO BCAKOE €ro OTKPbITOE NOKPbITNE MOXHO
BNNCaTb 3BE3JHO KOHEYHOE (COOTBeTCTBeHHO TOY€4YHO KOHe‘-IHOG) OTKPbITOE
NMOKpbITHE.

Cnabo napakoMnaKkTHbIE MPOCTPAHCTBA MHOrAA Ha3bIBAOTCS
METAKOMMNAKTHbLIMMU.

Tak kak 3B€34HasA KOHEYHOCTb MOKPbITUA BJIEHET 3a coboii eto JIOKAJIbHYO
KOHEYHOCTb, TO BCAKOE CUJIbHO NMAapaKOMMNAKTHOE MPOCTPAaHCTBO, OY4EBUAHO,
NnapakKoOMMaKTHO.

[anee, nockonbKy, Kak NErko ybeamTbcs, KaXKaoe NOKaabHO KOHEYHOE
MOKPbITNE TOHEYHO KOHEYHO, TO BCAKOE NapakOMMaKTHOE NPOCTPaHCTBO
3aBeoMO CJ1abo MapakoMMaKTHO.

OpHako cnefilyeT UMeTb B BUAY, YTO CyLLECTBYIOT C1abo napakoMnaKTHbIe,
HO He MapakOMMaKTHbIE NPOCTPAHCTBA, a TaKXXe NPOCTPaAHCTEA, KOTOPbIE
XOTb 1N I'IapaKOMI'IaKTHbI, HO HEe CUJIbHO I'IapaKOMI'IaKTHbI.
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For normal spaces such open coverings have a shrinkability property. For a
proof of the proposition, we refer to Dugundji (1966), Theorem VII .6.1, p.

152.

PROPOSITION 1.3.46 A topological space X is normal if and only if for
every point-finite open cover F = {U;};es of X, there exists an open cover

F1={V;}ies of X such that V; C U; and V; # () whenever U; # 0.
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In general a refinement of a cover may contain more sets than the given
cover. For this reason we make the following definition.

DEFINITION 1.3.47 A refinement {V;};c; of {Ui}ic; is said to be
"preciseif J =/ and V; C U, for each j € J = I. J
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The next proposition is very convenient in many situations. Its proof can be
found in Dugundji (1966), Theorem VIII.1.4, p. 162.

PROPOSITION 1.3.48 If the cover {U;};cs of X has a locally (respectively
point)-finite refinement. {V;};c,, then it also has a precise locally
(respectively point)-finite refinement {W;};c;. Moreover, if {U;};c; is an
open cover, {W;};c; can be chosen to be open too.
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DEFINITION 1.3.49 (a) For any topological space X, the "support"of
f: X —>Ristheset suppf ={x e X : f(x)#0}. ’

(b) Let X be a Hausdorff topological space. A family {qg;};cs of functions
gi: X — [0,1] is said to be a "partition of unity on X ", if ’

(b1) the family {supp gi}ic; is a locally finite closed cover of X; )

(b2) for every x € X >, qi(x) =1 (this sum is well defined because each
x € X lies in the support of finitely many g;).

(c) If {U;}ics is an open cover of the Hausdorff topological space X, we
say that a partition of unity {g;};c; on X is "subordinated” to ({U;}¢; if
for each i € I, we have supp g; C U;.

(d) A partition of unity {g;}ic/ on a Hausdorff topological space X is said
to be "continuous if each function g; is continuous.
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THEOREM 1.3.50 A Hausdorff topological space is paracompact if and
only if every open cover {U;}ic; of X has a continuous partition of unity
subordinated to it.

Kak y>ke ynoMmHanock, B CaMbIX Pas/ivyHbIX BONPOCAX MaTEMATUKU U €&
MPUIOKEHUT OKa3bIBAETCA HEODXOAUMBIM PacnpOCTPaHATL YCTaHOBJIEHHbIE
B HEKOTOPOM NpocTpaHcTee X JIOKasibHbIE CBOWCTBA UM KOHCTPYKLUW Ha
Bce X. Bo Bcex Takoro poga 3ajaqax BeCbMa MaOAOTBOPHON OKa3anach
Naesi, OCHOBaHHasi Ha mpefcTaBiaeHun byHKuMKM Ha X, TOXKAECTBEHHO
PaBHOI efuHMLE, B BUAE CYMMbI cemelicTBa (BoobLue rosops ntoboi
MOLLHOCTM) HEMPEPbIBHBLIX (PYHKLUIA C JOCTaTOYHO MasibiMU HOCUTENSIMU.
DTy npoueaypy KpaTKO Ha3blBAlOT HEMPEPLIBHLIM pasbueHnem eauHnLbI.

TEOPEMA 1.3.24 (CYLLLECTBOBAHUWE PA3BUEHNA EAVHNLBI).
Mycts X — HopmasibHoe npocTpaHcTBo, a { U;}ic/ Npon3BosbHOE N0KaIbHO
KOHEYHOE OTKPbITOE MOKPbLITUE, TOrAaa Ha X CyLIECTBYeT HENpepbIBHOE
pa3bueHne eanHNLbI, MOAYMHEHHOE NOKPLITUIO S.
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06 MCKNOYNTENBHOI Yaa4YmM BbIAENEHUS Kaacca NapakKoOMMNaKTHbIX
MPOCTPAHCTB CBUAETENbCTBYET TAaKXKE N HUKEC/eAYIOLNIA 3aMedaTeNbHbI

dakT.

TEOPEMA 1.3.25. Ins ntoboro oTkpeitoro nokpeitust {U;}ic;
xaycaopdoea npoctpaHcTBa X CylecTByeT NOAYNHEHHOE MY HenpepbiBHOE
pasbueHne eguHULBl TOFAA U TOABLKO Torga, korga X napakoMnakTHO.
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REMARK 1.3.51 If {qg;};c; is a partition of unity on X and if {u;};cs is a

family of continuous R-valued functions, then the map

g(x) =) qi(x)ui(x)

i€l

from X to R is continuous too.
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3akntouveHne

[anee KpaTKko NepeyncnsatoTCs CBOMCTBA KOMMAKTOB, KOTOPbIE HE NMEOT
MeCTa A1 NPOU3BOJIbHBIX KOMMAKTHbLIX TOMOJIOrMYECKMX NPOCTPAHCTB.

Kaxablli KOMNaKT SIBASIETCA HOPMaJibHLIM 1, TeM bonee, BnoJHe
perynsipHbIM NMPOCTPaHCTBOM.

I'Iepecequme Ntoboro cHeTHOro cemelicTea OTKPbITbIX BCOAY MJIOTHbIX B
KOMMNAKTE MHOXECTB BCOAY MJIOTHO B HEM.

PaBHocunbHoe YTBEPXKAEHNE! HNKAKOW KOMMAKT Hesb34 NnpeACTaBUTb B
Bunage O6'bep.VIHeHI/Iﬂ CYETHOro ceMeiicTBa HUTOE HE NJOTHbIX MHOXXECTB.

KoMnakTbl XapaKTepusyoTCsl Kak peryiasipHble NPOCTPaHCTBA, 3aMKHYThIE B
ntoboM obbemtolemM nx xaycaopdoBOM MPOCTPaHCTBE.

B komnakTe npegen dpuabTpa, HanpaBAEHHOCTW WAU MOCIEA0BATENLHOCTY
ABJISETCA €AUHCTBEHHbIM.
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JononHnTensHyo MHOPMaLMIO MOXXHO MOYEPMHYTL B PEKOMEHA0BAHHO
nuTepaType n 0b30pHBIX CTATbAX:

1. A. B. Apxanrensckuii, “KomnakTtHocTe', Obuwas tononorus — 2, Ntorn
Hayku n texH. Cep. CoBpem. npobs. maT. PyHaam. HanpasieHus, 50,
BUHNTW, M., 1989, 5—128,

2. A. B. ApxaHrenbckuii, “HekoTopble nocnefiHne AOCTUXEHUS U OTKPLITHIE
npobsiembl B obuwieid Tononorun”, YMH, 52:5(317) (1997), 45-70

AHHoTauus: PaccMaTpuBatoTCsl Kak raBHble TOMOJIOMMYECKNE aCMEKThI
TEOPUN KOMMAKTHBIX NPOCTPAHCTB, TakK U BaXKHENLMe hakTbl U NPUHLNMbI
3TOli TEOPWUWN, CBSI3AaHHBLIE C €€ NMPUMEHEHNSIMU B (DYHKLMOHABHOM
aHanuse, Kak, B 4actHoctu, Teopembl CtoyHa—Beiiepltpacca,
Kpeitha—Munsmana, Ana-Orny n agp.

VaeneHo BHUMaHne koMmnaktam MwuntotuHa n [yryHxaun, onepaTopam
YCPEAHEHUSI U MPOJOJIKEHMNS, KoMnakTaM DbepneliHa u PagoHa—Hukoguma.
OcBsileHa dyHOaMeHTabHasi PoJib KOMMAKTHOCTM B TOMOJIOrMY€ECKO
anrebpe, B 4aCTHOCTM, B TEOPUU XapaKTEPOB W B MOHTPATMHCKON Teopuu
[BOCTBEHHOCTM, B BOMPOCAX CTPOEHNSI KOMMAKTHbIX Fpynm, B
nccnefoBaHUN cnekTpa anrebpamyeckux konew,. bubn. 200.
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3akntouveHne

Cnacubo 3a sBHumaHume! )
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