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Beegexue

Knacc MeTpuyeckux npoCTpaHCTB CTajl NEPBLIM KAACCOM abCTPaKTHBIX
MPOCTPAHCTB, Ha KOTOPLIA BbL1 ycnewHo 0bobuieH psg noHATHA n
pe3y/IbTaTOB, OTKPbLITbIX HA 3ape ObLLeld ToNoaorun Npm N3y4eHnn
NOAMHOXECTB BELLECTBEHHOV MPAMON N €BKJINAOBLIX MPOCTPAHCTB.
Knacc mMeTpuyecknx npocTpaHCTB AOCTAaTOYHO ODLUMPEH N BKKOYAET B
cebsi MHOro OOBLEKTOB, N3Yy4aeMbIX B Pa3/iNYHbIX 0BAACTAX MaTEMATUKU.
D70 NO3BONSET ONUCHIBATL 3TN ODBEKTLI HA FEOMETPUYECKOM A3bIKE.

B To >xe Bpemsi MpocTpaHCTBa 3TOro KAacca KaxkyTcsl 4OCTaTOYHO
NPOCTLIMU, K HAM NPUMEHUMA FEOMETPMYECKAsH UHTYULINS.

[NoHsTMe MeTpmyeckoro NpocTpaHcTea buiio BeegeHo Ppelue B ero
Ancceptauun [1906]. B TeveHne mHOrmx net BHUMaHWe TONONOroB bbiNo
MPUKOBAHO K METPUYECKUM MPOCTPAHCTBAM U1, B YaCTHOCTU, K
cenapabesibHbIM METPUYECKUM NpPoCcTpaHcTBaMm. HecomHeHHo, 3To
Hanbosiee M3YHEHHBIA KNACC TOMOMOrMYECKMX MPOCTPAHCTE.
[AByxtomHas monorpacusi KypaTtosckoro [1966] n [1968] npeactasnsier
coboii HACTOALLYIO SHLUMKAONEANIO MO 3ToMy npeameTty. MoHorpadus
JHrenbkuHra [1986] Takxxe AOCTaTOYHO MOAPOOHO OCBELLAET 3Ty TEMY.

O NNC ) TN (/I3 73 sV - VEEI UM ta U Tekumns 1.4 — "1.4 MeTpuyeckune npocTg 17 mapTa 2011 r. 3/81



Beegexue
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Beegexue

Analysis is primarily concerned with limit processes and continuity.

When defined in the context of real numbers and real functions, we see
that these notions depend on the concept of the absolute value of the
difference between two real numbers.

This absolute value is the distance between the numbers when viewed as
points on the real line.

In analysis and geometry, it has been found very convenient to have
available an analogous notion of distance, valid on abstract sets.

This leads to metric spaces, which are from the topological viewpoint the
closest relatives of the real line and the Euclidean spaces and to which
most of the results about convergent sequences and continuous functions
can be generalized.

In this lecture we will develop the most basic facts about the metric spaces
which will be indispensable tools in our considerations in the next lectures.
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We start with the definition of the notion of metric (distance).

DEFINITION 1.4.1 A "metric” (or "distance function”) on a set X is a
function d: X x X — R which satisfies: J

(a) for every x,y € X, d(x,y) > 0; J
(b) d(x,y) =0if and only if x = y; J
(c) for all x,y € X, d(x,y) = d(y,x) (symmetry); J

(d) for all x,y,z € X d(x,y) < d(x,z)+ d(z,y) (triangle inequality). ]

O NNC ) MM (/I3 73 s - VEEIV UM ta U Tekums 1.4 — "1.4 MeTpuyeckune npocTg 17 mapTa 2011 r. 6 /81



3ameTum, 4To ecim ycnosue (d) cnerka M3MeHUTb N BMECTO Hero
PaccMOTpeTb Creaytolliee yCoBme

(d") ans Beex x,y,z € X d(x,y) < d(z,x) + d(z,y) (HepaBencTso
TPeyroibHMKa). J

TO, o4eBUAHO, 4To yciosus (a), (b), (c) n (d') 3aBucumsi.

N3 ycnosuii (b) n (d') seitekator (a) n (c) J

HeiictBntensHo, Vx,y € X umeem

d(x,y) <d(y,x) +d(y,y) = d(x,y) < d(y,x). Aranoruuo,

d(y,x) < d(x,y). CnepoBaTenbHo, ycnosue (C) BbINOJHEHO.

Hanee, 0 =d(y,y) < d(x,y) + d(x,y) = 2d(x, y). Mostomy ycnosue (a)
TaKXXe BbINOJHEHO.

B MaTemaTtunyeckoii dHumknoneaun B Tome 3 Ha cTp. 658 yTeepxpaercs,
yTo n3 ycnosuii (b) un (d) seitekatot (a) n (c).

JokaXkute nnm onpoBeprHuTe 3TO YTBEPXKAEHUE.
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REMARK 1.4.2 If requirement (b) is weakened to:

(b") for all x,y € X x =y implies d(x,y) =0

then d is said to be a "semimetric"(or "pseudometric"or "ecart").

A semimetric d on X always produces a metric on an appropriately defined
quotient space.

Namely on X we consider the equivalence relation -~ defined by x «~ y if
and only if d(x, y) = 0. Consider the quotient set X = X/ «~, i.e. X € X if
x={yeX : y-x

If we set

d(x,y) = d(x,y)
we easily see that d is a metric on X = X/ .
If the symmetry requirement is not present, then we can define

dl(X,_)/) = d(Xay) + d(}/ax)

and d; is now a metric.
If d is a metric (resp. semimetric) on X, then the pair (X, d) is called a
"metric space” (resp. a "semimetric space”).
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MuoxectBo X Ha KOTOPOM MOXET ObITb BBEAEHA METPUKA, HAa3blBaA€TCA
METPU3YEMbIM.

MuoxecTtBo X, HagesieHHOe HEKOTOPOI MeTpUKol d Ha3bIBaeTCs
METPNYECKMM MPOCTPAHCTBOM U obosHauvaetcs cumeosiom (X, d) nnnm
npocto X, ec/inm sICHO O KaKoli METPUKE UAET peyb.

rlOJ'IyMeTpVIKVI HaA3bIBAlOTCA TaKXXE NCEBAOMETPNKAMU NJIN OTKJIOHEHUAMMN. J

OuyeBnaHo, ecnum MeTprka BBefeHa B JaHHOE MHOXECTBO X, TO BBEAEHA
OHa BO BCSIKOE MOAMHOXECTBO Xp (kak orpaHuyeHne dyHkunm d).
Opyrumu cnoeamu, BCSIKOE MHOXECTBO, JIeXalllee B METPUHECKOM
MPOCTPaHCTBE, TaKXe SIBASETCS (BNOJHE OMPEAENEHHBIM) METPUYECKIM
MPOCTPaAHCTBOM.

DTO >Xe 3aMeYaHuNe OTHOCUTBLCS U K MOJMYMETPUHEKMM MPOCTPAHCTBAM. ]
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CummeTprka Ha MHOXecTBe X — HeoTpuLaTesbHas AeliCTBUTENbHAs
byHkUMA d, onpefeneHHasi Ha MHOXXECTBE Map BCEX JIEMEHTOB MHOXECTBA
X 1 yooBiETBOPSET ClefyOLWNM LBYM YCJIOBUSIM:

1) d(x,y) = 0 B TOM 1 TONBLKO B TOM C/lyHae, eCanm X = y; J

2) pnsi Beex x,y € X, d(x,y) = d(y, x). )

B otanynn ot MeTprknu 1 NonyMEeTpUKN CUMMETPUKA MOXKET He
YAOBNETBOPSATH aKCMOMe TpeyroabHuka. o cummeTpuke d Ha MHOXecCTBe
X onpegensietca Tononorus Ha X:

MHoxecteo A C X 3aMKHYTO (OTHOCMTEILHO CUMMETPUKN d) B TOM 1
ToNbKO TOM ciiyyae, ecnm d(x, A) > 0 ans kaxgoro x € X\A. lMpu stom

d(x,A) =inf{d(x,y) : y € A}

3amblkaHne MHOXeCTBa A B Tak OMpPEAESIEHHOM TOMOJOrMHECKOM
NPOCTPAHCTBE COAEPXKNT MHOXKECTBO BCEX TOYEK X € X ANt KOTOPbIX
d(x,A) = 0, HO MOXXET 3TM MHOXECTBOM U HE NCHEPMbIBATHCS.
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CoOoTBETCTBEHHO, &-Luapbl BOKPYr TOYeK MHOXXecTBa X MOryT UMETb
MYCTYIO BHYTPEHHOCTb. 1OMONOrMYECKOE NMPOCTPAHCTBO HA3bLIBAETCA C U M
METPU3YEMBbl M, ECJIN TONOJIOTUS €ro NOPOXKAAETCA MO YKAa3aHHOMY
npaBuy HeEKOTOPOI cuMMeTpuKoii. Knacc cuMmeTpusyeMbix MpoCTPaHCTB
ropasfo LKMpe KJlacca MeTPU3yeMbIX MPOCTPAHCTB:

CrMMeTpu3yemMoe NpoCTPaHCTBO MOXKET He ObiTb HU MapakOMMaKTHbIM, HU
HOpPMabHbLIM, HU XaycaopdpBbiM. Kpome Toro, cuMmMeTpursyemoe
MPOCTPAHCTBO MOXET HE YAOBJIETBOPATL NEPBO aKCMOME CHETHOCTMU.

Ho kaxxgoe cemmeTpunsyemoe npocTpaHcTBo X CEKBEHLMANBHO, T.€. €ro
TOMOJIOT NSl OMNPEAENSETCA CXOAALLMMM NOCIEA0BATENBHOCTSIMMI MO NPaBuIy:
MHOXXECTBO A 3aMKHYTO B TOM U TOJIbKO TOM C/ly4ae, Korga npegen
KaXkZoli Kaxkgoli cxogsieiics B X nocnefoBaTeNbHOCTY TOYEK MHOXKECTBA
A npuHagnexut A.

[ns KOMNaKTHBIX XaycAopdoBbIX MPOCTPAHCTB CUMMETPU3YEMOCTb
pPaBHOCUJIbHA METPU3YEMOCTHU.
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[NoHATME METPUYECKOTrO MPOCTPAHCTBA MPUBOAUT K Ba>KHOMY TO-
TOMOJIOTMYECKOMY MOHATUIO, @ MMEHHO K MOHATUIO METPU3YEMOrO Mpo-
NMPOCTPaHCTBA.

Tononorunyeckoe npoctpaHcTBo X METPU3YEMO, €C/N CYLLECTBYET TaKasi
MeTpuka d Ha MHoXecTBe X, 4YTO UHAYLIMPOBAHHAS STOW METPUKOIA
TOMOJIONMSl COBNAJAET C UCXOAHOI Tononoruein npoctpancTea X. Te
METPUKM, KOTOPbIE UHAYLIMPYIOT UCXOLHYO TOMOMOrMio npocTpaHcTea X,
Ha3bIBAOTCS METpMKaMuy Ha npocTpaHcTee X.

Mebl yaensiem Takoe BHUMaHNE METPUHECKUM N METPU3YEMbIM
MPOCTPAHCTBAaM MOTOMY, 4TO MHOIME Ba>KHbl€ TOMOJAOrMYECKNe
MPOCTPaHCTBA, UCMOJIb3YEMbIE B Pa3HbIX 0bJaCTsAX MaTeEMaTUKY,
MeTpusyembl 1, bonee TOro, Mx TOMONOTNS YaCTO UHAYLMPOBAHA
€CTECTBEHHO METPUKOIA.
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3ameTuM, 4TO METPU3YEMOCTb ECThb TOMOJIOrMYECKOE CBOWCTBO, OAHAKO
NPUBEAEHHOE 3[ECh ONPEAENIEHNE KNacCa METPU3YEMbIX NPOCTPAHCTB HE
ABNSIETCH BHYTPEHHUM OMPEAESIEHUNEM.

BosHukaeT Bonpoc, CyLLEeCTBYET /i BHYTPEHHSISI XapaKTePUCTIKA
METPN3yeMbIX MPOCTPAHCTB. Kak Mbl yBUAMM B AasibHEALEM, OTBET Ha
STOT BOMPOC MOJIOKUTENEH. T€opeMbIl, AatoLine HeobxoanMble 1
LOCTaTOYHbIE BHYTPEHHNE YCIOBUS METPU3YEMOCTYN TOMOIOMUHECKMX
NPOCTPAHCTB, ChOPMY/INPOBAHHbBIE B TEPMUHAX TOMOIOTMYECKUX
MHBAPWaHTOB, HA3bIBAOTCA METPU3ALNOHHBIMY TEOPEMAaMM.

[Bee meTpuku di n d» Ha MHOXecTBe X Ha3bIBalOTCS SKBUBAJIEHT-
SKBUBAJIEHTHLIMU, €CJIN OHU UHAYUMPYIOT Ha HEM OLHY U Ty XK€ TOMOJIOrMIO.
O4yeBnaHO, 4TO onpeaeneHHoe TakuM obpa3oM OTHOLLEHME ABASETCS
OTHOLUEHNEM SKBUBAJIEHTHOCTM.

Mol paccMaTpuBaeM ABe METPUKM, VHAYLVPYIOLLME OLHY U Ty XKe
TOMOJIOTMIO KaK SKBUBAJIEHTHbIE OOBLEKTLI MO TOW NPUYMHE, YTO B HAC
WHTEPECYIOT B NEPBYIO OYEPESb TOMOMOMMN, @ METPUKM UTPAKOT TOJBKO
BCMOMOraTe/IbHYIO PoJib, NOAODHYIO TOW, KOTOPYIO UIPatOT CUCTEMbI
KOOPAMHAT MPU N3YYeHNUN EBKJINAOBbLIX MPOCTPAHCTB.
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Anckpethas metpuka: d(x,y) =0, ecim x =y, n d(x,y) = 1 Bo BCex
OCTaJIbHbIX CNy4Yasix.

BewecteHHble Yncna ¢ dyHkumeid paccrositus d(x,y) = |y — x| u
€BKJINZOBO NPOCTPAHCTBO SIBASIOTCS MOJHBIMU METPUYECKIMU
NpOCTpaHCTBaMu.

MaHxeTTeHCKas, NN ropoackasi METPUKA: KOOPAWHATHAs MIOCKOCTb, Ha
KOTOPOI pacCTOsiHNE ONPefEeieHO KaK CyMMa PacCTOSHUI Mexay
KOOpAMHATaMU.

Bonee obwmii npumep: ntoboe HOPMUPOBAHHOE MPOCTPAHCTEO MOXHO
NpeBpaTUTL B METPUYECKOE, ONpeaenns hyHKLUIO PacCTOsHNS

d(x,y) = ||y — x||, B cny4ae koHe4HO pasmepHOCTU 3TO Ha3bIBAETCS
npocTpaHcTBoM MuHkoBCKoro (He Hago MyTaTb C APYriM MPOCTPAHCTBOM
MuHkoBCKOrO).

Tak HasbiBaeMast PpaHLy3CcKas >Kee3HOJOPOXKHASE METPUKA SBSIETCA
NPUMEPOM, KOTOPbIA HEPEAKO NPUBOAAT B KaYeCTBE NMPMMEPA METPUKM, HE
NOPOXXKAEHHON HOPMOIA.
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JTioboe cBsizHOe pMaHOBO MHOroobpasue M MOXKHO NMpeBpaTUThH B
METPNYECKOE MPOCTPAHCTBO, OMPEAESIMB PACCTOSIHNE KAK TOUHYIO HUKHIOK
rpaHb OJIMH NyTeli, COEfUHSIIOLLNX Napy TOYeK.

MHoXecTBO BepLUMH toboro cesi3HOro rpacpa G MOXXHO MpeBpaTUTH B
METPUHECKOE NPOCTPAHCTBO, ONPEAENB PACCTOSIHNE KaK MUHUMAsbHOE
4ncno pébep B MyTW, COEANHSIIOLLEM BEPLUHDI.

MHoxecTBO KoMMnakTHbIX nogmHoxects K (M) ntoboro meTpuyeckoro
npoctpaHcTBa M MOXXHO NpeBpaTUTb B METPUHECKOE MPOCTPAHCTBO,
OMNpeAesnB PacCToOsHNE C NOMOLLbIO TakK HasbiBaeMolt MeTpuku Xaycgopda.
B aToii MeTpuke ABa NogMHOXeCTBa 6aU3KK APYr K APYryY, €can s
Ntoboit TOYKN OAHOrO MHOXKECTBA MOXHO HalTU BAN3KYIO TOUKY B Lpyrom
nogmHoxectse. BoT TouHoe onpegeneHne:

D(X,Y)=inf{r : pnsBcex x € X cywecrtsyer y € Y d(x,y) <

r n pns aoboro y € Y cywectsyer x € X Takoe, 4to d(x,y) < r)}.
MHOXECTBO BCEX KOMMAKTHBLIX METPUHECKNX MPOCTPAHCTB (C TOYHOCTbIO
AO V30METPUN) MOXXHO MPEBPATUTL B METPUHECKOE MPOCTPAHCTBO,
OMpeAeNB PacCTOsIHNE C MOMOLLBIO Tak HasbiBaeMoii MeTpukn [pomosa —

Xaycpopdda.
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DpaHLy3CcKast XKeNe3HOAOPOXKHAS METPUKA SIBNISIETCS HEODLIYHBIM
npuMepom MeTpuku. HazgaHne sToli MeTpUKM NPOM3OLLIO M3-3a OYEHb
LEHTPasIN30BaHHO MPOJIOXKEHHO (OCODEHHO paHbLUE) XKeNe3HOAOPOXKHOIA
cet PpaHumm, B KOTOPOI YyTb AN He BCe MyTu cxoaunuck B Mapuxe.
MNMocneacteus 3Toro BuIM TakoBbl, YTO, HanpumMep, 4Tobbl gobpaTbcs no
xenesHol gopore us Ctpacbypra B JInoH, Hy>xxHO caenatb Kptok B 400 kM
yepes [MapuXx — NpUXOANNOCH MUPUTLCA C TEM, YTO HET NPSAMOro
coobLLeHms.

9T0 NobyAMAO OAHOrO HEW3BECTHOrO MAaTEMATMKA OMPELE/NTL CAELYIOLLYIO
MeTpuKky: ecnm X eCTb HEKOTOPOE MHOXECTBO TOHeK MiockocTu (ropoga
@PpaHunM C KeNe3HOROPOXKHBIM coobLueHnem Hepes Mapux) n p —
cukcmpoBaHHas BbibpaHHas Touka (IMapux), To MoxHo onpegennTb Ha X
MeTpUKY cieayolmumM obpasom:

llx =yl x—p=Ay—p)

d(x,y) =
lIx =pll +1ly = pll, x—=p#Ay—p),

roe x,y € X, A € R. 3gecb d(x,y) cnegyet noHMMaTb Kak paccTosiHue Mo
XKEJIE3HOJOPOXKHOMY MyTW OT FOPOAA X A0 ropoaa y.
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DTa KOHCTPYKLUSI JOMYCKAET deMeHTapHoe 0bobuieHmne Ha ntoboe
HOPMWPOBaHHOE MPOCTPAHCTBO. B HeBbIPOXAEHHOM Ciydae, TO eCTb KOrAa
CYLLLECTBYIOT HEKOJIZIMHEAPHbIE BEKTOPbI, PPaHLLy3CKast KeJe3HOAOPOXKHAs
METpNKa — NpOCTeiLLnii NpUMep MeTPUKM, KOTOpasi He NOPOXKAAETCS
HopMOii. [leficTBNTE/IbHO, BO3bMEM [Ba HEKOJINHEAPHBIX BEKTOpa a u b,
Ansi koTopbix |a] < |b|. Toraa BekTOpbl @+ b 1 b Takxxe HEKOANNHEAPHDI, 1
BbIMOJHSAETCS

d(p+a,p) <d(p,p+b)<d(p+a,p+b).
Ons metprkn D, nopoxaeHHOR HOPMOIA:
D(p+a,p)=|p+a—p|l=|a| <D(p,p+b)=|p—p—bl=|-b=

=|bl<D(p+a+bp+b)=|p+a+b—p—bl=]al

Takum 0bpa3om HapyLLaeTcs TOMONOrNYecKasi SKBMBAJIEHTHOCTb.
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MeTpuka obutaTteneii gxyHrnei
Mycte X = R X R; nonoxum

ly1 — 2, ecnn xy = xo

d(z1,2) =
’ ly1l + y2| + |x1 — x2|, ecnm xq # o,

ANst Kaxgol napbl Touek z1 = (x1, 1), 22 = (X2, y2) nnockoctu X. Jlerko
npoBepuTh, 4To d — MeTpuka Ha X.

Kakum mMeTpmkam oHa 3KBUBaneHTHa?

A kakuMm, HaobOpOT, HE SKBMBANEHTHA?

Takoli MeTpuKoii Morin bbl NoNb30BaTLCA ObUTaTeNN OXKYHIAERA, No
KOTOpPbIM NpoTekaeT peka y = 0: 4Tobbl MMeTb AOCTYN K BOAE, OHM NPO-
npopybuan Tponbl, BeyLne K peke, 1 nyTb oT ToukmM (x1,y1) K (X2, y2)
NpoXoAnT CHavana no Takoll TPOMe K peke, 3aTeM MO peke A0 TOYKM,
Bavxaiiweit K (x2,y2), 1 CHOBa no Tpore.
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EXAMPLES 1.4.3

(a) Let X be any set and for any x,y € X, set

1, if x#£y
0, if x=y

d(Xay) = {

Then d is a metric on X known as the "discrete metric".

(b) Let X =R and for any x,y € R, let d(x,y) = |[x — y|. This is a metric
on R. Another metric on R is given by

d(x,y) = |arctanx — arctany|, x,y € R
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(c) Let X = RN and for every x = (xx)N_;,y = (yx)h_; € RN and
1 <p< oo set
N 1/p
dp(x,y) = Z|kayk|p ifl1<p<oo
k=1
and

doo = max{|xx — yk| : 1 < k < N} if p=oc.

For the cases p =1 and p = oo, it is easy to check that d; and d., define
metrics on RV,
It is less clear that this is the case when 1 < p < oc.
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The difficulty arises in verifying the triangle inequality. This follows from
the so-called "Minkowski inequality” which says

N 1/p N 1/p N 1/p
(Z | Xk +yk|p> < (Z |Xk|p> & (Z |)/kp)
k=1 k=1 k=1

and can be most easily obtained from a related inequality, known as
"Holder's inequality” which says that

N N 1/p N
> iyl P < <Z ’Xk\p> + (Z \)/k|q>
k=1 k=1 k=1

where 1 < p,g < oo and 1/p+1/q = 1. Note that if p = 2, then d is the
usual Euclidean metric and Hélder's inequality reduces to the celebrated
"Cauchy-Schwarz inequality”.

1/q

(d) Let X be a set and let
Cp(X) ={f: X = R f is continuous and bounded}. For any
f,g € Cp(X) set d(f,g) =sup{|f(x) —g(x)| : x € X}. This is a metric
on Cp(X).
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Now we are going to associate a definite topology on a metric space (X, d).

DEFINITION 1.4.4 Let (X, d) be a metric space. For any € X and r > 0,
the "open ball” centered at x € X and of radius r > 0, is the set

B(x)={yeX : d(x,y) <r}.

Mpepnoxenne 1.4.3. OtobpaxeHune f npoctpancTea X ¢ Tononorue,
NHAYLMPOBAHHOI METPUKOIA di, B NpocTpaHcTBO Y C TonoJsioruei,
WHAYLUPOBAHHOW METPUKOW dp, HEMPEPLIBHO B TOM M TOJILKO TOM Cily4ae,
ecnn ans kaxgoro x € X n noboro € > 0 cyuwectsyer Takoe 6 > 0, 4To
do(f(x), f(x")) < &, kak Tonbko di(x,x") < 4.

MeTpunyeckune npocTpaHCTBa NO3BOJISIOT TakXKe BBECTU MOHATUE
PaBHOMEPHO HenpepbIBHbIX 0TObpaxkeHuii. MoHsTre paBHOMEPHOI
HENPEPLIBHOCTMN HE SIBASIETCA TOMONOMMYECKNM; OHO OTHOCUTCS K
KOHKPETHbIM MeTpukam Ha npoctpaHcTBax X n Y. OtobpaxeHue

f: X — Y MOXeT ObITb paBHOMEPHO HEMPEPLIBHBIM OTHOCUTENIBHO OfHUX
METPUK N He BbITb TAaKOBLIM OTHOCUTENLHO APYFUX METPUK.
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Using Remark 1.1.11, we see that the family {B,(x)}xex, r~0 can serve as
the base for a topology.

DEFINITION 1.4.5 Let (X, d) be a metric space. The topology 7(d)
having as base the family

{B/(x) :x€ X, r>0}

is called the "metric topology” on X generated (or induced or
determinated) by the metric d.

MeTpunsyemoe NpoCTpaHCTBO — MPOCTPAHCTBO, TOMOJIONNS KOTOPOro
NOPOXAAETCS HEKOTOPOIA METPUKOI MO npaBuiy (Kak BbIlE C MOMOLLbIO
6a3bl TONONAOrMM) UNKN KaK B CUMMETPU3YEMbIX MPOCTPAHCTBAX:

TO4YKa NPUHAZNEXNT 3aMbIKaHNKO MHOXECTBA B TOM W TOJIbKO TOM CJly4ae,
KOrga OHa JIEXKUT Ha HY/1IEBOM PACCTOAHUN OT MHOXXECTBaA. J
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MocnepoBaTeNnsHOCTL X1, X2, . . . TOHEK METpUYeckoro npoctpatcTea (X, d)
CXOAMTCS K TOoYke X € X, eC/in NOCNefOBATENBHOCTb BELLECTBEHHBIX YUCES
d(,1),d(,2),... cxoguTcs K Hynto.

Touka B 3TOM Cily4ae Ha3bIBAETCS NPEAESOM MOCAEA0BATENBHOCTM

X1, X2, ... n obosHavaetcs lim x,.

N3 ycnoeuii (b) n (c) BbiTekaeT, 4TO BCsikasi NOC/AEAOBATENLHOCTL TOUEK
METPUYECKOrO MPOCTPAHCTBA NMeeT He bonee ogHOro npeaena.

Huxe, B Teopeme 1.4.1. Mmbl NnpuBeaem yaobHbIl KpuTepuii
SKBUBAJIEHTHOCTN METPUK.

Teopema 1.4.1

[ee meTpuku di n d» Ha MHOXecTBe X 3KBMBaNIEHTHbI TOrAa U TOJILKO
TOr4a, KOrAa OHN WHAYLMPYIOT OAHY 1 Ty >K€ CXOAUMOCTb, T. €. AJisl

KaXK[oW ToYKM x € X 1 KaXK[OW NOCNefoBaTENbLHOCTH X1, X2, . . . TOYEK
mHoxectBa X ycnosus limdi(,;) = 0 n lim da(, ;) = 0 akBUBaNEHTHBI.

[nameTp HenycToro MHOXeCTBa B MeTpuyeckom npoctpaHcTee (X, d)
ONpefeNnsieTCs Kak TOYHAsi BEPXHSSi FPaHb BCEX PACCTOSIHU MeXay
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Ecnu Takas meTpuka cyLLecTBYeT, TO OHa HE eANHCTBEHHA — 3a
WCKJIFOYEHNEM TOrO CJlyyasi, KOrga NMpOCTPAHCTBO MYCTO WN COCTOUT 13
OAHOW TOYKMU.

B yacTtHocTM, Tonosiornsa KaXxgoro MeTpusyemMoro NpoCTpaHCTBa
NMOPOXXJAETCA HEKOTOPOI OFPaHNYEHHON METPUKOIA.

B METPN3YEMOM MNPOCTPAHCTBE BbIMOJIHAKOTCA aKCNOMbI OTAEJIMMOCTU: OHN
XayC,qud)OBbl, OHW HOPMaJibHbl N Oa>X€ KOJINEKTUBHO HOPMaJlbHbI, T.€.

OMPEAENEHUE 1.4.2 (BUHT). Xaycaopdoso npoctpatcTeo X
Ha3bIBAETCS KOJUIEKTUBHO HOPMaJIbHbIM, €CIN BCSIKAsh €ro ANCKPETHast
cuctema {F,} 3aMKHYTbIX NOAMHOXECTB 0DNafaeT AU3BIOHKTHONR CrUCTe-
cmcTemoit OTKpbITbIX okpecTHocTelt { U, }.

Tak Kak napa gU3bIOHKTHbBIX 3aMKHYTbIX MHOXECTB, 04eBMAHO, obpasyeT
OUCKPETHYIO CUCTEMY, TO KOJIJIEKTUBHAS HOPMAJIbHOCTL BJIEYET 3a CObOiA

HOPMaJIbHOCTb, HO HE HaO60pOT.
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Kaxgoe MeTpn3syemoe npocTpaHcTBO napakomnakTHo (Teopema A. CTOyH).J

Bce meTpu3syemble npocTpaHCTBA YAOBIETBOPSIOT NEPBOIA aKCUOME
CYETHOCTMN.

Ho Hn OOHO N3 HAa3BaHHbIX yCJ'IOBI/Iﬁ, HN NX COBOKYMNMHOCTb HEAOCTATO4YHbI
ANA METPU3YEMOCTN TOMOJNIOTMHECKOIro NpoOCTPaHCTBA.

HocTaTo4Hoe ycnosme meTpusyemocTu 6biio Haligero M. C. VpbicoHom
(1923):

KaXk[0e HOPMaJibHOe NPOCTPAHCTBO (M Aaxe KaXKLOe PerynsipHoe
npoctpatcteo — A. H. Tuxonos, 1925) co cueTHoii 6a3oii meTpusyemo.
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REMARK 1.4.6 A subset A of X is d-open (or 7(d)-open or simply open),
if for all x € A we can find r > 0 such that B,(x) C A. It is easy to check
that 7(d) is a Hausdorff topology (this is no longer true if d is only a
semimetric).

Clearly by choosing r > 0, rational, we see that 7(d) is first countable. So
every metric topology is first countable and thus sequences suffice to

d
describe the topology. Note that x, 9 x if and only if d(x,,x) — 0.
Using the triangle inequality, we can easily check that the distance function

satisfies
‘d(X,y) — d(”) V)’ S d(Xa u) + d(y7 V)'

In particular, if y = v, then
‘d(X’y) - d(u7 V) < d(X’ U)

and so d is continuous on X x X.
The metric topology generated by the discrete metric (Example 1.4.3(a)) is
the discrete topology (Example 1.1.3(b)).
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3aMeTuM, 4TO B OT/IMYMMN OT METPU3YEMbIX MPOCTPAHCTB NPOCTpaHcTBO X
C TonoJsiorneli, MHAYLMPOBAHHON NCEBAOMETPUKOIA d, siBNseTcs
To-NpOCTPaHCTBOM TOrAAa M TOJIbKO TOrfa, korga d — MeTpuka.

B camom pene, ecnu d(x1, x2) = 0 gnst x1 # X2, TO KaXXAasi OKPECTHOCTb
TOYKW X1 COAEPXMUT TOYKY X, 1 HaobopoT, Tak 4To X He sBnseTcs
To-NpoCTpaHCTBOM.

JNerko Takxe yctaHoBUTL crepytowtee: ecim X — MHOXECTBO, COCTOsILLEE
Bonee 4em u3 ogHolt Toukm, To, nonaras d(x,y) =0 gns ndbbix x,y € X,
Mbl MOJYHUM NCEBLOMETPUKY Ha MHOXecTBe X, KOTOpasi MHAYLUPYET Ha
HEM aHTUANCKPETHYIO TOMOMOrMI0. XOTA Mbl 1 HE U3y4aeM MCEBAOMETPUKM
paAu HUX CaMUX, Mbl MOJbL3YEMCS UMW B AajibHENLLEM KaK YA0bHbIM
TEXHUYECKUM CPEACTBOM.
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So far we have seen that a metric generates a topology. Is the converse
true?

Namely, given a topological space (X, 7) does there exist a metric d such
that 7(d)?

Clearly the answer to this question is negative.

Every topology which is not first countable can not be generated by a
metric.

But even a first countable topology need not be generated by a metric.

DEFINITION 1.4.7 Let (X, 7) be a topological space. A metric d on X is
"consistent” (or "compatible”) with the topology 7, if 7 = 7(d). J

The space (X, 7) is said to be "metrizable”, if such a metric exists. |

Two metrics dq, d> are said to be "equivalent” if

7(d1) = 7(db).
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REMARK 1.4.8 The distinction between metric and metrizable spaces is a
fine one.
In the metric space, we have fixed a metric, while in a metrizable space the
choice is still open.
There are always several metrics that generate the same topology on X.
For example d and kd, (k > 0) generate the same topology. A more
interesting example is the following. If d is a metric compatible with the
topology 7, then so is the metric

d(x,y)

= 20 for all X
d].(X7.y) ]_+d(X,y) ora X?.ye

Note that d; < 1. Other equivalent metrics are given by:
d(x,y) = Vd(x,y), d3(x, y) = In(1+d(x, y)), da(x, y) = min{ 1, d(x, y)}.

Again note that dy < 1.
CMOTpuTE NPOAOIIKEHNE HA CledytowWwemM chnaiige.
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REMARK 1.4.8 — OkoH4aHue

In general, if : Ry — R is a function such that ¢(0) =0 and ¢ is
increasing, ¢(x +y) < ¢(x) + ¢(y) (subadditive) and there exists r > 0
such that ¢ is bijective and bicontinuous from [0, r] onto [0, p(r)], then if
d = o(d(x,y)) for all x,y € X, the metrics d and d are equivalent.

If di,d> are two metrics on X and there exists M > 0 such that

do(x,y) < Mdi(x,y) forall x,y € X,

then 7(d2) C 7(d1). So if there exist 0 < m < M such that

mdl(Xay) < d2(X7y) < Mdl(x7)/) for all X,y € Xa
then T(dl) = T(dz).
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Gs n F; mHoxecTBa

DEFINITION 1.4.9 Let X be a topological space. A set A C X which is the
intersection of countably many open sets is called a G5 (from German
Gebiet-Durchschnitt).

A set which is the union of countably many closed sets (i.e. the
complement of a Gs), i s called F, (from French fermé-somme).
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Gs n F; mHoxecTBa

PROPOSITION 1.4.10 If X is a metrizable space, then every closed set of
X is a Gs and every open set of X is an F,. J
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Gs n F; mHoxecTBa

We know that a second countable space is separable (Proposition 1.1.47)
and that the converse in general fails (Example 1.1.48). However, for
metric spaces these two notions are equivalent and are also equivalent to
the Lindeldf property (Definition 1.3.25(a)).

PROPOSITION 1.4.11 For metrizable spaces the properties of second
countability, separability and Lindelof , are all equivalent. J

XapaKTepHbIM CBOCTBOM METPU3YEMBbIX NMPOCTPAHCTB SIBSIETCS
coBnafeHne 4 HUX PAfa MOLLHOCTHbIX XapaKTepPUCTHUK.

B wactHocTu, gnsi MeTpusyemebix npoctpaHcTe coBnagatot Yucno Cycnuta,
yuncno Jlungenéda, NAOTHOCTb, NPOTSXKEHHOCTb U BEC.

HecoBnageHune 3Tux 4ncen CBMAETENLCTBYET O HEMETPU3YEMOCTU
COOTBETCTBYIOLLMX NPOCTPAHCTB.
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Gs n F; mHoxecTBa

For general topological spaces separability is not a hereditary property.
Only open subsets of a separable space are separable.

However, second countability is clearly a hereditary property.

So every subspace of a second countable space is separable.

In particular then we have:

COROLLARY 1.4.12 Any subset of a separable metrizable space, is itself
separable. J
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Gs n F; mHoxecTBa

The next theorem determines the position of metric spaces among the
classes of topological spaces discussed thus far.

For a proof of it we refer to Dugundji (1966), p. 186

or Munkres (1975), p. 256.

THEOREM 1.4.13 Every metrizable space is paracompact . J

O70 Teopema A. CtoyHa, gokasaHHasi um B 1944 rogy.
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All of the deep properties of real sequences and real functions depend on
the fact that R is complete. Many of these properties can be carried over
to general metric spaces.

DEFINITION 1.4.14 Let (X, d) be a metric space. )

(a) A sequence {xp},>1 C X is said to be "d-Cauchy” (or simply
"Cauchy”), if for every € > 0 there exists N > 1 such that for n,m > N, we
have d(xn, xm) < ¢; this is equivalent to the requirement that

lim  d(xn, xm) = 0.

n,m— oo

(b) The space X (or the associated metric d) is said to be "complete”, if
every Cauchy sequence in X converges to a point in the space.

Ecnin X aBnsieTcs nosiHbIM NOANPOCTPAaHCTBOM METPUHECKOTO
npoctpaHctea M, Torga X 3amkHyTo B M. [eiicTBUTENbHO, METPUYECKOE
MPOCTPAHCTBO MOJIHO TOTAA W TOJIBKO TOrfa, KOrAa OHO 3aMKHYTO B Jilobom

O6'b6MJ'IPOHEM ero METiVIHECKOM NDOCTDAHCTBE.
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REMARK 1.4.15

REMARK 1.4.15 Clearly every Cauchy sequence is bounded, i.e.

sup d(Xn, Xm) < 00.
n,m>1

Also a convergent sequence is Cauchy. The converse is not true in general.
For example the sequence
1
Xp = —
nJ)p>1

is Cauchy in the space X = (0,1) but does not converge in X.

Note that a useful equivalent definition of completeness is that every
Cauchy sequence has a convergent subsequence, since this is easily seen to
imply that every Cauchy sequence converges in X.
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REMARK 1.4.15 — npofos»keHue n okoH4aHue

It should be emphasized here that completeness is not a topological notion.
It is quite possible that a space having two metrics compatible with its
topology, is a complete metric space with one, but is not a complete metric
space with the other.

For example, let

1
xz{}
k k>1

with the discrete topology. On X consider two metrics d; and d» with d;
being the discrete metric (Example 1.4.3(a)) and da(x,y) = |x — y|. Then
(X, d1) is complete, but (X, d2) is not.
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Gs n F; mHoxecTBa

The next theorem (known as a Cantor's intersection theorem), gives us a
complete characterization of complete metric spaces.

THEOREM 1.4.16 A metric space (X, d) is complete if and only if for
every decreasing sequence {C,}p>1 (i.e. Cor1 € G, for all n > 1 of closed
sets with

diam C, — 0 (1)

(diam C, = sup d(x,y) being the diameter of C,)
x,y€Cp

as n — 0o, we have that

G

n>1

is a singleton.
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Gs n F; mHoxecTBa

BmecTe ¢ Tem cyliecTyeT ybbiBatOLWas NOCI€40BATENBHOCTL HEMYCTLIX
3aMKHYTbIX MHOXECTB C MYCTbIM MEPECEHEHNEM B MOJIHOM METPUYHECKOM
MPOCTPaHCTBeE.

Bosbmém R co cTtaHgapTHoli meTpukoii. [Tonoxum
Cn = [n, +0).

Torpa

()G =0

CnegoBatenbHo, ycnosue (1) B Teopeme 1.4.16 cyuiecTBeHHO.
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Gs n F; mHoxecTBa

The next proposition guarantees the completeness of many metric spaces
which arise as subspaces of complete metric spaces.

PROPOSITION 1.4.17 If (X, d) is a complete metric space and A C X,
then (A, d) is complete if and only if A is closed. J
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Gs n F; mHoxecTBa

In the case of metric spaces the definition of continuity of a function takes
the following familiar (¢ — d-formulation.

DEFINITION 1.4.18 Let (X, d) and (Y, p) be metric spaces and
f: X — Y be a function.

We say that f is "continuous at” x € X, if for every € > 0, there exists a
0 = d(g) such that d(x, z) < ¢ implies that

p(f(2), f(x)) < e.

We say that f is "continuous”, if it is continuous at every x € X. J
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Gs n F; mHoxecTBa

REMARK 1.4.19 Since a metric space is first countable, then we can use
sequences and the above definition takes the following form:

A function f: X — Y is continuous (at x) if and only if for every x, <, x
have

f(xn) L f(x).
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Gs n F; mHoxecTBa

In Section 1.1 we said that the topological properties are preserved by
homeomorphisms. The metric-specific properties (such as completeness,
see Remark 1.4.15) are preserved under isometrics.

DEFINITION 1.4.20 Let (X, d) and (Y, p) be metric spaces. A mapping
f: X — Y is said to be an "isometry”, if

d(x, z) = p(f(x), f(2))

for all x,z € X.

In this case we say that the metric spaces (X, d) and (f(X), p) are
"isometric spaces’.
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Gs n F; mHoxecTBa

REMARK 1.4.21 If ((X,d) and (Y, p) are metric spaces as in Definition
1.4.20, then we may regard the former as a subspaces of the latter and the
distances between points in X are unaffected by this embedding.

So two isometric spaces are, from the metric point of view, the same
except for such things as labeling and notation. Clearly then an isometry is
a metric-preserving homeomorphism.

An important special case of an isometry is the following. Suppose that we
are given two different metrics on the same space X.

The two are equivalent if and only if the identity map is a homeomorphism
from (X, d) to (X, p).

Using this fact we can see that all the metrics on R" introduced in
Example 1.4.3(c) are equivalent.
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Gs n F; mHoxecTBa

PROPOSITION 1.4.22 Given a metric space (X, d), there exists a
complete metric space (Xy, p) called "completion "of (X, d) and an
isometry ¢: — Xy such that ¢(x) is dense in Xjy.
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Gs n F; mHoxecTBa

PROPOSITION 1.4.23 The completion of a separable metric space is itself
separable. J
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KomnakTHocTe 1 nonHoTa

Now we will examine the notion of compactness in the context of metric
spaces. In this case compactness and completeness are closely related
notions.

DEFINITION 1.4.24 Let (X, d) be a metric space and A C X. J

(a) We say that A is "bounded”, if

diam A = sup{d(a,a’) : a,a’ € A} < o0;

(b) We say that A is "totally bounded” (or "precompact”), if for every € > 0
there exist a finite set set F. C X such that

X =] B-(»).

x€EF.
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KomnakTHocTe 1 nonHoTa

REMARK 1.4.25 A totally bounded set is bounded.

Boundedness and total boundedness are not topological properties.

ﬂpMBep,MTe COOTBETCTBYHOLLNE NMPUMEPDI.
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KomnakTHocTe 1 nonHoTa

Using the notion of total boundedness, we can give a complete
characterization of compact sets in metric spaces.

THEOREM 1.4.26 For a metric space (X, d) the following properties are
equivalent: J

(a) The space X is compact; ]
(b) The space X is complete and totally bounded:; ]
(c) The space X is sequentially compact. J
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KomnakTHocTe 1 nonHoTa

COROLLARY 1.4.27 For a metric space compactness, countable
compactness and sequential compactness are equivalent notions.
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KomnakTHocTe 1 nonHoTa

Also since the completion of a totally bounded metric space is still totally
bounded, we obtain:

COROLLARY 1.4.28 A metric space is totally bounded if and only if its
completion is compact. }
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KomnakTHocTe 1 nonHoTa

From Definition 1.4.24(b) it is clear that a totally bounded metric space is
separable. Indeed let
D= U Fi/n-

n>1

Then D is dense in X.
So we have

COROLLARY 1.4.29 A compact metric space is complete and separable. J

O NNC ) TN (/I3 7% sV -V EIV UM ta U Tekums 1.4 — "1.4 MeTpuyeckmne npocTg 17 mapTa 2011 r. 54 / 81



KomnakTHocTe 1 nonHoTa

We already mentioned that total boundedness is not a topological property
and the same is true for completeness.

EXAMPLE 1.4.30 Let X = (—1,1) and Y = R with the usual metric. ]

We know that X and Y are homeomorphic )

(use f: X — Y defined by

X

fx) =12

However X is totally bounded but not complete, while Y is not totally
bounded but it is complete.
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DEFINITION 1.4.31 Let (X, 7) be a topological space. J

(a) The space X is "topologically complete”, if there is a metric d on X
consistent with its topology,
i.e. 7 =7(d) and the metric space (X, d) is complete.

(b) A separable topological space which is topologically complete, is said to
be a "Polish space”.

v
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EXAMPLE 1.4.32 The set X = (—1,1) with the usual topology, is
topologically complete (hence a Polish space).

Note that (—1,1) with the usual metric is not complete, but it is complete
for the equivalent metric

p(x,y) = |tanh T;—X — tanh %
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Here is a characterization of topologically complete metric spaces.

THEOREM 1.4.33 A metric apace (X, d) is topologically complete J
if and only if
X is a Gy set in its completion for d. )
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Combining Theorems 1.4.33 and 1.3.39, we obtain:

COROLLARY 1.4.34 Every locally compact metric space is topologically
complete. }
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REMARK 1.4.35 Topological completeness is a topological property, i.e. it
is preserved by homeomorphisms.

Indeed let f: X — Y be a homeomorphism and assume that X is
d-complete.
Define a metric p on Y, by setting

ply,y") =d(f (), F (V).

It is straightforward to verify that p is a metric on Y and that (Y, p) is
complete.

KoMMNakTHOCTb — 3TO TOXE TOMOJIOrMYECKOE CBOWCTBO.
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Next we will see that topologically complete spaces belong to a larger class
of spaces, the so-called Baire spaces.

DEFINITION 1.4.36 Let (X, 7) be a topological space. J

(a) A set A C X is said to be "nowhere dense”, int A = () (i.e. (A)" is dense
in X).

v

(b) A set AC X is said to be of "first (Baire) category”, if
A=A,
n>1
with A, nowhere dense for every n > 1. A set A C X which is not of first

category is said to be of "second (Baire) category”.

v

(c) The topological space is said to be a "Baire space”, if the intersection of
a countable family of open dense sets of X is still dense.

V.
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REMARK 1.4.37 A set of first category is also called "meager”, while the
complement of a set of first category is said to be "residual". J
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In [0, 1] for example, any finite set is nowhere dense and a countable union
of finite sets is countable.

The union may be dense, but it has a dense complement.

This is a particular case of the following more general result:

THEOREM 1.4.38 A topologically complete space X is a Baire space. )

HanomuHato, 4To xaycaopcoBbl KOMNaKTbl Tak>xe 0b/1afatoT CBOVCTBOM
Bapa.

CmoTprTe NpeabIayLLyo JEKLNIO.

Akcuoma Xaycgopdba CyLiecTBeHHa.

KoMnakTHble TOMosorm4eckne npocTpaHcTea ceoicteom Bapa moryT,
BoobLie rosopsi, He obnagats.
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The same result is also true for locally compact spaces.

THEOREM 1.4.39 A locally compact space X is a Baire space. J

HanomuHato, 4To NOKaNbHO KOMMNAKTHBIE NPOCTPAHCTBA XaycAopdoBs! Mo
onpeaeneHnto.
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COROLLARY 1.4.40 If X is a topologically complete or locally compact

space and
X = U Cn

n>1

with C, closed, then there exists ng > 1 such that

int Cpy # 0.
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PROPOSITION 1.4.41 The set Q of rationals is not topologically complete.J
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REMARK 1.4.42 In fact Q is not a Baire space. J
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PROPOSITION 1.4.43 The set R\Q of irrationals is topologically complete.J
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MeTpusyemocTb AeKapTOBbIX Npon3BeaeHn

Now we pass to Cartesian products of metrizable spaces.

PROPOSITION 1.4.44 If {X,},>1 a sequence of metrizable spaces and

Y,,:f[xk, Y =[] X

n>1 n>1
then
Y and each Y, is metrizable. )
Moreover if each Xy is separable or topologically complete or Polish, )
then

Y and each Y, is separable or topologically complete or Polish, respectively.J
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MeTpusyemocTb AeKapTOBbIX Npon3BeaeHn

REMARK 1.4.45 A product of uncountably many metric spaces (each with
more that one point) is not metrizable.

Consider X = {0,1} with / an uncountable index set.

In fact this is the set of all indicator functions of subsets of /. J

Let F be the family of finite subsets of / directed by inclusion.

Then {xF}rcr isanetin X and xF — 1 for the product topology on X. J

However, no sequence {xFr, }n>1 of indicator functions of finite sets, can
converge to 1, since
UF

n>1

is countable and by hypothesis / is uncountable.
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DEFINITION 1.4.46 The "Hilbert cube” H, is the product of countably
many copies of the closed unit interval, with the product topology,
i.e. H = [0, 1] with the product topology.
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REMARK 1.4.47 From Theorem 1.3.23 (Tychnov's theorem) and
Proposition 1.4.44, we have that H is a compact, metrizable space, hence
a Polish space.
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In the next theorem, known as "Urysohn's theorem”, we show that in a
sense, H is the canonical separable metrizable space.

THEOREM 1.4.48 Every separable metrizable space X is homeomorphic to
a subset of the Hilbert cube H. J

FunbbepToB Kyb ABNAETCA METPU3YEMbIM 1 CenapabenbHbIM KOMMNAKTOM,
MO3TOMY OH SIBJISIETCS] YHUBEPCAJIbHBLIM, T.€. COAEPXKALLUM FOMEOMOPHbIE
obpasbl Bcex cenapabenbHbix MeTpusyembix npocTpaHcTs. MNozgHee M.C.
VpbICOH Hawen yHuBepcanbHoe npoctpaHcTeo U — cenapabenbHoe nosHoe
MeTpU3yemoe NpOCTPaHCTBO, COAepXKalliee N3oMeTpuyeckue obpasbl Beex
cenapabesibHbIX MOSIHBIX METPU3YEMbIX MPOCTPAHCTB. TO NMPOCTPAHCTBO
€ANHCTBEHHO, €CN AONONIHUTE/IbHO BbINOJIHEHO €Lle OAHO YyC/IOBUE.
mnbbepToB KYD, OYEBUAHO, HE EANHCTBEHHOE YHUBEPCAJIbHOE
NpoCTpaHCTBO. XOPOLIO M3BECTHO, 4TO banaxoso npocTtpaxcteo C([0,1])
YHUBEPCANLHO B CAEAYHOLLEM CMbIC/IE — OHO COAEPXUT JINHERHO
N30METPUYECKNE KOMMI BCEX cenapabenbHbix BaHaxoBbIX MPOCTPAHCTB.
OHo He eamHcTeeHHo. KcTaTu, 3aga4y ob yHUBEPCaNbHBIX MPOCTPAHCTBAX
noctasun B 1922 rogy M. @pelue.
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REMARK 1.4.49 By virtue of Theorem 1.4.48, we can regard X as a
topological subspace of H. J

Note however, that although X is both open and closed in itself, f(X) may
be neither open nor closed in H. J

In fact, it may have no topological characterization at all. J
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In fact , we can strengthen Theorem 1.4.48 as follows.

THEOREM 1.4.50 For a Hausdorff topological space (X, 7) the following
properties are equivalent: J

(a) X is second countable and regular; ]
(b) X is separable metrizable; ]
(c) X is homeomorphic to a subset of the Hilbert cube H. ]

O NNC NI TN (/I3 73 oV - VL EIV UM ta U Tekums 1.4 — "1.4 MeTpuyeckme npocTg 17 mapTta 2011 r. 75 / 81



FnebeptoB Ky6

REMARK 1.4.51 The equivalence (a) < (b) is known as as "Urysohn’s
metrizable theorem”.

For a proof, we refer to Munkres (1975), Theorem 4.1, p. 217 or Dugundji
(1966), Corollary 1X.9.2, p. 195.

30ecb YMECTHO NMPUBECTN 11 COBPEMEHHbBIE KPUTEPUN METPU3YEMOCTU
KOMMaKTOB.

Ons metpusyemoctn komnakta X ntoboe n3 cieayowmnx YeTbipex yCaoBuii
HeobXoAMMO 1 AOCTAaTOYHO:

1. X obnapaet cueTHoli 6a30ii;

2. X obnagaeT To4Ye4YHO-CHETHON ba3oli;

3. B X ecTb cyeTHas ceTb (OnpefeseHne CeT CMOTPUTE Ha CIIEAYIOLLEM
cnaiige);

4. nnaroHans B X X X umeer tun Gg.
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3ameyvaruve. bonee wnpokum noHsiTmem, Yem 6asa npocrtpaHcTea X,
ABNSETCS MOHATUE ceTu, BBefeHHoe A.B. ApxaHrenbckum, a MMeHHO:
cncTemMa 7y Mpon3BOJIbHBIX MOAMHOXECTB U3 X Ha3blBaeTCs CeTbio (B
cMbicne ApxaHresibCkoro) npoctpaHcTea X, ecim BCsikoe oTKpbiToe B X
MHOXKECTBO MPEACTaBUMO B BULE OOBEAUHEHUS HEKOTOPLIX MHOXECTB U3
cuctembl y. Takum obpasom, Kaxaas baza ABASETCS CeTbio, TOrAa Kak
ceTb sBNsieTCst 6a3oli NMWb B TOM Cllydae, KOrga oHa cocTouT
NCKIOYUTENBHO U3 OTKpPbIThIX B X MHOXeCTB. [1pocTbiM nprMepom ceTu B
RN, He siBnsioLyeiics 6a3oii, MOXET CAY>KNUTb COBOKYMHOCTb BCEX €ro
3aMKHYTbIX NOLMHOXECTB.
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JlokanbHO KOMMaKTHbIE MPOCTPAHCTBA

This theorem leads us to the metrizability of the Alexandrov one-point
compactification X* of a locally compact space X.

PROPOSITION 1.4.52 If X is a noncompact, locally compact space and
X* is its one-point compactification (see Theorem 1.3.39), J

then

X* is metrizable )
if and only if

X is second countable. J
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COROLLARY 1.4.53 If X is a noncompact, locally compact, separable
metrizable space, then the one-point compactificatiion X* is metrizable too.
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In metrizable spaces we can often infer properties of semicontinuous
functions from properties of continuous functions, by means of the next
proposition.

PROPOSITION 1.4.54 If X is a metrizable space and

f: X - R*=RU{+o0}, J
then

(a) f is lower semicontinuous and bounded below )
if and only if

there exists a sequence {f,},>1 C Cp(X) such that £, T f. J
(b) f is upper semicontinuous and bounded above ]
if and only if

there exists a sequence {f,}n>1 C Cp(X) such that £, | f. J
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JlokanbHO KOMMaKTHbIE MPOCTPAHCTBA

REMARK 1.4.55 If f is R-valued, then from the above proof it is clear that
the members of the approximating sequence {f,},>1 are Lipschitz
continuous functions,

i.e. for all x,y € X, |fo(x) — fa(y)| < nd(x,y).

Also from Example 1.1.42 we know that if C C X is closed, then x¢ is
upper semicontinuous and so we can find a sequence of (Lipschitz)
continuous functions f, such that f,(x) | xc(x) for all x € X.

Finally if f € Cp(X), we can find two sequence {up}n>1 and {v,}p>1 of
bounded (Lipschitz) continuous functions such that u, T f and v, | f (for
the definition of Lipschitz continuity, see Definition 1.5.6).
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