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B 2TOii fleKuMn HaMeTUM HECKOJIbKO MOAXOAOB K BBEAEHUIO TOMONOrMN
C(X,Y) Bcex HenpepbiBHbLIX OTOBPaXKEHNA TOMONOMMHECKOTO
npocTpaHcTea X B TOMONOrMYECKOe MPOCTPAHCTBO Y, [aseKO HE ncHepnas
NpM 3TOM CMNCKA BO3MOXHbIX TOMNOMOrM3aLnii.

Mycte X — mHoxecTBo, (Y, d) — meTpuyeckoe npoctpaHcTtso, a B(X, Y)
— MHOXECTBO Takux otobpaxenuii f: X — Y, uto

diam f(X) < oco.

Beegem Ha mMHoxecTBe B(X, Y) MeTpuKy paBHOMEpPHOIi CXOaMMocTu,
MOJIOXKMNB

p(f.g) = sup p(f(x), g(x)).

3ametum, yTo npoctpancTeo (B(X, Y), p) byaet nonxsim ecan (Y, d)
SBNSIETCS MOJHOM METPUYECKUM NPOCTPAHCTBOM.
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Beegexue

The space of all continuous functions from one topological space into

another plays an important role in analysis and so it is reasonable to look
for useful topologies defined on it.

In particular, we look for a topology which makes continuous the evaluation
map

(f,x) — f(x).
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DyHKUMOHabHbIE MPOCTPAHCTBA Onpepenexne

So let X, Y be topological spaces. By C(X, Y) we denote the space of all
continuous functions from X into Y.

DEFINITION 1.6.1 Let K C X be compact, U C Y be open and set
W(K,U)={f e C(X,Y) : f(K)C U}.

The "compact-open topology” (or "c-topology”) on C(X, Y) is the
topology which has as subbase the family

{W(K,U) : KC X compact, U C Y open}.

Thus every basic element for the compact-open topology is of the form

n

() W(Kk, Us)
k=1

with Ky € X compact and U,y C Y open, k=1,...,n.

v
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DyHKUMOHabHbIE MPOCTPAHCTBA Onpepenexne

VnobHO KOMMNAKTHO-OTKPLITYO TOMOJIOMNIO BBOAUTL C MOMOLLLIO TT-CETENA.

CemelicTBO A\ HemyCTbiX MOAMHOXECTB TOMOJIOrMYECKOro npoctpaHcTea X
Ha3bIBAETCA T-CETbIO, EC/IN A5 JIOBOrO HEMYCTOro OTKPLITOro
noamHoxxectBa V' npoctpaHcTtBa X HaliLeTCs 3/MEMEHT CEMEWCTBA A,
nexauwunin B MHoxxectee U. Byaem paccmaTpriBaTh KOMMaKTHbIE T-CETH,
T.€. TT-CETU, JIEMEHTbI KOTOPbIX — KOMMaKTHbIE MHOXECTBA.

Onsi w-ceTu \ Tonosormyeckoro npoctpaHctea X obosHaunum By
cemeiicta Bcex MHoxecTs W/(K, U), rae K € A\, U — npouseosbHoe
OTKPbITOE MOAMHOXECTBO NPOCTpaHCcTBa Y.

Ob6ozHauum Cy(X, Y) Tononormyeckoe npocTpaHCTBO, TOHKN KOTOPOro —
anementol C(X,Y), a cemeiictBo By cocTaensieT npegbasy Tononoruu.
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DyHKUMOHabHbIE MPOCTPAHCTBA Onpepenexne

CeoiicTBa BBEAEHHOI TOMOMOMMI U3YHAETCs B CNEAYHOLLEA TEOPEME.

Teopema 1.6.1. [ycTb X — KOMNaKT, A — MHOXECTBO BCEX €r0 3aMKHYTbIX
NOAMHOXeECTB, Y — MeTpUYECKOe NMPOCTPaHCTBO. TorAa Tonosorus
npoctpatctea Cy(X, Y) coBnagaer c Tononorueli paBHOMEpPHOI
cxogmnmocTtu Ha MHoxectBe C(X, Y) (T.e. c Tononorueii, NOpoXXAEHHOI
METPUKOV PaBHOMEPHOU CXOLMMOCTH).

B onucaHHoM nopxofe Hac UHTEPECYIOT ABA KpaliHMX cy4asi.

MNpennonaraem, yto X ectb Ti-npoctpaHcTeo. Obo3Ha4MM p cemelicTBO
BCEX OAHOTOYEYHbIX MOAMHOXECTB MPOCTpaHCTBA X.

Tononorust npoctpanctea Cp(X, Y') HasbiBaeTcst Tonosnorueli noTo4eyHoi
CXOANMOCTN.

Lpyroii kpaiiHuii cny4daii, pacCMOTPEHHbI aBTOpaMmn KHUMM, Korga
CEMENCTBO A COCTOMT M3 BCEX 3aMKHYTbIX KOMMAKTHbIX NOAMHOXECTB
npoctpaHcTea X. JTa TOMOMOrNs Ha3bIBAETCS KOMMAKTHO-OTKPbITON
TOMOJIOTMEl, MHOTAA, KPaTKO, KOMNakKTHol Tononorueii. Ee cBszb ¢
TOMNOJIOrNel paBHOMEPHOI CXOAMMOCTI NokasaHa B Teopeme 1.6.1.
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DyHKUMOHabHbIE MPOCTPAHCTBA Onpepenexne

REMARK 1.6.2 The c-topology is determined by using topological notions
on X and Y and so it is uniquely determined by the topologies on X and Y.

Moreover, if x € X and U C Y is open, then because {x} is compact in X,
the set
W({x}, U)={f € C(X,Y) : f(x) € U}

is c-open. So the topology of pointwise convergence (the relative product
topology on C(X, Y) viewed as a subset of YX) is weaker than the
c-topology.

Finally it is easy to check that

() W(Ke, U) = W(| ] Ki, U ﬂ W(K, Uy) = W(K, ﬂ Us),

k=1 k=1 k=1

n n n
a7, T C i
m W(Kk> Uk) C W(U Kk, U Uk)7 W(K7 U) C W(K¢ u )
=ll k=1 k=1
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DyHKUMOHabHbIE MPOCTPAHCTBA Onpepenexne

Kpome TOro, NONE3HO NCNONIb30BaTb N YCJIOBUE 3aMKHYTOCTU MHOXXECTB B
CA(X, Y).

Ons ntoboro 3amkHyTOro B npoctpaHcTee Y mHoxectsa H u ntoboro
nogmHoxectsa M npoctpaHctea X muoxectso W(M, H) 3amknyTo B
npoctpatctee Cy\(X, Y).

D70 cpasy clieAyeT U3 paBeHCTB

W(M,H)={g:g€ C(X,Y),g(M)C H} =

= CX N\ | U W), Y\H)

xeM
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DyHKUMOHabHbIE MPOCTPAHCTBA Onpepenexne

PROPOSITION 1.6.3 If X, Y are topological spaces and C(X,Y) is
furnished with the c-topology, J

then
(a) C(X,Y) is Hausdorff if and only if Y is Hausdorff; J
(b) C(X,Y) is regular if and only if Y is regular. ]
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DyHKUMOHabHbIE MPOCTPAHCTBA Onpepenexne

REMARK 1.6.4 If Y is normal or first countable or second countable,
thenC(X, Y) with the c-topology need not have the same properties. J

Indeed, if X is discrete (i.e. is equipped with the discrete topology), then
the only compact sets are finite and so the c-topology coincides with the
topology of pointwise convergence, i.e. C(X, Y) with the c-topology is
homeomorphic to
Y =1 %
xeX
where each Yy is a copy of Y.

Recall that the product of normal spaces (resp. of first countable, second
countable spaces) may fail to have the corresponding property.
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DyHKUMOHabHbIE MPOCTPAHCTBA Onpepenexne

Now let X, Y, Z be three topological spaces.
If fe C(X,Y)and g€ C(Y,Z), then gof € C(X, Z).
So we can define the map

£ C(X,Y)x C(Y,Z2) — C(X,2)
by
f(ﬂg) =80 f

(the composition map).
We equip C(X,Y), C(Y,Z) and C(X,Z) with their respective
c-topologies and examine the continuity of £.

PROPOSITION 1.6.5 The map &: C(X,Y) x C(Y,Z) — C(X,Z) is
continuous in each argument separately. J
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DyHKUMOHabHbIE MPOCTPAHCTBA Onpepenexne

What about joint continuity of &.

PROPOSITION 1.6.6 If X, Z are Hausdorff topological spaces and Y is
locally compact, J

then

¢ C(X,Y) x C(Y,Z) — C(X,2)

is continuous.
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DyHKUMOHabHbIE MPOCTPAHCTBA Onpepenexne

DEFINITION 1.6.7 The map
e: C(X,Y)x X =Y

defined by
e(f,x) = f(x)

is called the "evaluation map”.

Also if we fix x € X, the map
e: C(X,Y) = Y

defined by
e(f) = f(x)

is called the "evaluation at x map".
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DyHKUMOHabHbIE MPOCTPAHCTBA Onpepenexne

The evaluation map is important in analysis and so we need to know its
continuity properties.

In what follows C(X, Y) is equipped with the c-topology.

PROPOSITION 1.6.8 (a) For each fixed x € X, the evaluation at x map ey
is continuous. J

(b) If Y is locally compact, then the evaluation map e is continuous. )
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DyHKUMOHabHbIE MPOCTPAHCTBA KomnakTHble MHOXecTBa

Next we want to determine the compact subsets of C(X, Y).
It is clear that such a result has important applications in analysis.
The following notion is crucial in this effort.

DEFINITION 1.6.9 Let X be a topological space and (Y, d) be a metric
space.

A family F of functions from X to Y is said to be "equicontinuous at
x € X", if given £ > 0 we can find U € N(x) such that

d(f(x'), f(x)) <e

for all X’ € U and all f € F.

The family F is said to be "equicontinuous” on X, if it is equicontinuous at
each point x € X.
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DyHKUMOHabHbIE MPOCTPAHCTBA KomnakTHble MHOXecTBa

Since we will assume that the range space Y is a metric, we can exploit
this fact and define another topology on C(X, Y') as follows.

DEFINITION 1.6.10 Let X be a topological space and Y, d) be a metric
space.

Given f € C(X,Y),K C X compact and £ > 0, we define

Bk o(f) ={g € C(X,Y) : sup{d(g(x),f(x)) : xe K} <e}.

The sets
Bk <(f)

form a basis for a topology on C(X, Y).

This topology is called the "topology of uniform convergence on compacta”
(or the "topology of compact convergence”).

v
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DyHKUMOHabHbIE MPOCTPAHCTBA KomnakTHble MHOXecTBa

REMARK 1.6.11 Note that while the compact-open topology and the
topology of pointwise convergence

(i.e. the relativization on C(X, Y) of the product topology of Y*X)

are defined without assuming a metric on Y, the above definition explicitly
uses the metric of Y.

Nevertheless, we have the following remarkable result.
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DyHKUMOHabHbIE MPOCTPAHCTBA KomnakTHble MHOXecTBa

THEOREM 1.6.12 If X is a topological space and (Y, d) is a metric space, |

then

on C(X,Y) the c-topology and the topology of uniform convergence on
compacta coincide.

O NNC ) TN (7 I3Te 73 sV - VIV DU/ ta U ek st 1.6 — 1.6 MpocTpaHcTBa oTobp: 21 mapTta 2011 r. 19 / 31



DyHKUMOHabHbIE MPOCTPAHCTBA KomnakTHble MHOXecTBa

COROLLARY 1.6.13 If X is a topological space and Y is a metric space, J

then

the topology of uniform convergence on compacta on C(X, Y) does not
depend on the metric of Y.
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DyHKUMOHabHbIE MPOCTPAHCTBA

As we already pointed out in Remark 1.6.2, the topology of pointwise
convergence is in general weaker than the c-topology

(or equivalently than the topology of uniform convergence on compacta,
see Theorem 1.6.12).

Now we will show that on equicontinuous subsets of C(X, Y') the two
topologies coincide.

PROPOSITION 1.6.14 If X is a topological space, (Y, d) is a metric space
and F C C(X,Y) is equicontinuous, J

then

the topology of pointwise convergence and the c-topology coincide on F. J
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DyHKUMOHabHbIE MPOCTPAHCTBA

PROPOSITION 1.6.15 If X is a topological space, (Y, d) is a metric space
and
F CC(X,Y)

is equicontinuous,

then
FP

(the closure in the pointwise convergence topology)
is also equicontinuous.
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DyHKLMOHAIbHbIE MPOCTPAHCTBA Teopema Apuena-Ackonu

Now we are ready for the theorem characterizing the compact subsets of
C(X,Y) with the c-topology.
The theorem that does this is known as the "Arzela-Ascoli theorem”.

THEOREM 1.6.16 If X is a locally compact space, (Y, d) is a metric space
and

FC X, Y),
then
F (the closure in the c-topology) J
is compact )
if and only if

F is equicontinuous and for each x € X,
F(x)={f(x) : feF}

is relatively compact in Y.
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DyHKLMOHAIbHbIE MPOCTPAHCTBA Teopema Apuena-Ackonu

A moment's reflection on the second part of the above proof, reveals that
the local compactness of X is not needed.
So we have

COROLLARY 1.6.17 If X is a topological space, (Y, d) is a metric space
and F C C(X,Y) is a subset J

such that

(a) F is equicontinuous on X and ]
(b) for every x € X, F(x) C Y is relatively compact, ]
then

f’

is c-compact and equicontinuous on X.
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DyHKLMOHAIbHbIE MPOCTPAHCTBA Teopema Apuena-Ackonu

Let us also state the classical version of the Arzela-Ascoli theorem, which is
a direct consequence of Theorem 1.6.16.

COROLLARY 1.6.18 If X is a compact topological space and

F C C(X,RY),

then

f’

is compact for the sup-metric p topology

if and only if

it is closed, bounded
(i.e. there exists M > 0 such that ||f(x)|| < M for all f € F and all x € X)
and equicontinuous.
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DyHKLMOHAIbHbIE MPOCTPAHCTBA Teopema Apuena-Ackonu

When X is compact and (Y, d) is a metric space, then by Theorem 1.6.12
we know that the c-topology on C(X, Y) can be metrized using the
sup-metric p defined by

p(f,g) =sup{d(f(x),g(y)) : xe€ X}
Let us investigate a little further the metric space (C(X, Y), p).

PROPOSITION 1.6.19 If X is a compact topological space and Y is a
metric space, J

then

(C(X,Y),p) is complete )
if and only if

(Y,d) is complete. )
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DyHKUMOHabHbIE MPOCTPAHCTBA

A careful reading of the second part of the above proof, leads us to the
following standard result of introductory analysis.

PROPOSITION 1.6.20 If X is a topological space, (Y, d) is a metric space,
{fi}n>1 CC(X,Y), f: X =Y

and
sup{d(fa(x),f(x)) : x€ X} —0

as n — 0o
(i.e. f, converges uniformly to f),

then

f is continuous too
(ie. f € C(X,Y)). J
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DyHKUMOHabHbIE MPOCTPAHCTBA

REMARK 1.6.21 From Corollary 1.6.13 we know that the topology on
C(X,Y) induced by the sup-metric p, depends only on the topology Y,
not on the particular metric d.

So if d; and d» are compatible metrics on Y, then the corresponding
sup-metrics p; and py, generate the same topology on C(X, Y).

So we can view C(X, Y) as a topological space without specifying a metric
and we can simply refer to the "topology of uniform convergence” on
C(X,Y).
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DyHKLMOHAIbHbIE MPOCTPAHCTBA Teopema [duHn

PROPOSITION 1.6.22 If X is a compact, metrizable space and Y is a
separable, metrizable space, J

then

the space C(X, Y) with the topology of uniform convergence is metrizable
and separable

(hence so is for the c-topology; Theorem 1.6.12). J
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DyHKLMOHAIbHbIE MPOCTPAHCTBA Teopema [duHn

In general the pointwise convergence limit of continuous function is not a
continuous function. With additional hypotheses we can assert the
continuity of the limit function and that the convergence is in fact uniform.
This is done in the next theorem, which is known as "Dini's theorem”.

THEOREM 1.6.23 If X ia countably compact topological space,

{fn}nZI

is a decreasing (resp. increasing) sequence of R-valued upper (resp. lower)
semicontinuous functions on X and

lim f,(x) = f(x),

n—oo

where f is lower (resp. upper) semicontinuous,

then

f is continuous and f, converges to f uniformly (i.e.
supyex |fa(x) = F(x)] — 0).
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DyHKLMOHAIbHbIE MPOCTPAHCTBA Teopema [duHn

All the hypotheses in Theorem 1.6.23 are needed.

EXAMPLE 1.6.24 The functions x” | 0 on [0,1) but the convergence is
not uniform. J

The space [0,1) is not compact. On the compact space [0, 1], x” — x{1}
but again the convergence is not uniform.

The limit function X} is not lower semicontinuous. J
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