JNlekuymsa T.2.3 — "2.3 Teopema PagoHa-Hukoanma"

BeepeHune B HenuHeliHbIA YHKUMOHANLHBIT aHaN3

4..-M.H., npodp. HO. . Jluxke

WHctutyT anHamuku cuctem n teopun ynpasnedus CO PAH, r. pkyTck
email: linke@icc.ru

19 mas 2011 r.

e VIO 1ot W O MR W PO Bt Wh g STek st T.2.3 — "2.3 Teopema Papona-H 19 mas 2011 r. 1/ 34



Mnan nekuun

© Bseaenve

© 3HakonepemenHbie Mepb!
o OnpepeneHusi n npumepsl

© Pasnoxenne mep
@ PasnoxeHune XaHa
@ Paznoxenne XopaaHa
@ banaxoBo npocTtpaHcTBO Mep

@ Teopembl Hukoguma
@ ABCONIOTHO HEMpPEPLIBHLIE MEPbI
@ Teopema Hukoguma o cxogumocTu
@ Teopema PapgoHa-Hukoguma
@ Teopema Jlebera o gekoMnosnummn Mep

e VIO 1ot W O MR W PO Bt Wh g STek st T.2.3 — "2.3 Teopema Papona-H 19 mas 2011 r. 2 /34



Beegexue

Thus far we have insisted on set functions with values in R (i.e. on
measures).

In this section we examine what happens if the set function is allowed to
take on both positive and negative values.

The resulting objects are called "signed measures".

We may think of measures as distributions of mass and of signed measures
as distributions of electric charge.
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Onpeaenenns n npumeps!
DEFINITION 2.3.1 Let (€2, X) be a measurable space. A set function
p: R* =R U {£o0} is said to be a "signed measure" if it satisfies the
following conditions:

(a) w takes at most one of the values +00 and —oo; J

(c) for any sequence {A,}n>1 C X of pairwise disjoint sets we have

2 U An| = ZM(AH)

n>1 n>1

(the equality is taken to mean that the series of the right hand side
convergence absolutely if (Un>1 A,,) is finite and it diverges otherwise).

A signed measure with values in R is said to be "finite". )
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3HakonepemeHHbIe Mepbl Onpepenenns n npumepsl

REMARK 2.3.2 A measure is a special case of signed measure. If 11, up are
two measures at least one of which is finite, then . = p; — po is a signed
measure.

LokasaTenbcTBo
Since for any
ACE, wQ)=uA)+ uA%)

if there exists a set A € ¥ such that p(A) = +oo, then () = 400 and if
there exists a set A € X such that p(A) = —oo, then u(Q) = —occ.

v

Similarly if for A€ X, u(A) e Rand B € X, B C A, then p(B) € R. |
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3HakonepemeHHbIe Mepbl Onpepenenns n npumepsl

EXAMPLE 2.3.3 Let (Q, %, 1) be a measure space and f € L}(Q, u1). For
each A € X set
m(A) = /fdu
A
Then from the linearity of the integral and the Lebesgue Dominated
Convergence Theorem, we can check that m(-) is a signed measure.
Note that m = my — my with my, my measures.
Indeed let
ml(A):/fJr dp and mz(A):/f_ du
A A
forall Ae X.

In the sequel we will see that any signed measure admits such a
decomposition.
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OGN 1 AR
With a proof similar to that of Proposition 2.1.13, we can have its
extension to signed measures.

PROPOSITION 2.3.4 If (22, X) is a measurable space and
p: Q — R* =RU{£o0} is a signed measure, then

(a) if {An}n>1 € X is an increasing sequence (i.e.
AiCAC...CA,C...), we have

p | UJAn) = lim u(An);
n>1

(b) if {An}n>1 C X is a decreasing sequence (i.e.
A1 DA D ... DA, D...) such that u(A,) is finite for some n > 1, we
have

pl () An] = lim p(An).
n>1 n— o0
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3HakonepemeHHbIe Mepbl Onpepenenns n npumepsl

DEFINITION 2.3.5 Let (€2, X) be a measurable space and
p: 2 — R* =RU{xoo} a signed measure.

A subset A of Q is a "positive set for y”, if A € ¥ and for every
BC A BeX, wehave 0 < u(B).

Similarly, a subset A of Q is a "negative set for 1", if A € T and for every
BC A Bex, wehave u(B) <0.

A subset of Q which is both positive and negative for u is said to be a
"p-null set”.
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3HakonepemeHHbIe Mepbl Onpepenenns n npumepsl

REMARK 2.3.6 Every ¥-subset of a positive (resp. negative) set for , is
again positive (resp. negative) set for p.

Also a X-set is a u-null set if and only if every ¥-subset of it has
ji-measure Zzero.

Note that a p-null set has pu-measure zero, but a set of p-measure zero
may well be the union of two sets whose pi-measures are not zero but are
negatives of each other.
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3HakonepemeHHbIe Mepbl Onpepenenns n npumepsl

The role of positive and negative sets for a signed measure p, is clarified by
two basic decomposition theorems:

the "Hahn decomposition theorem” and

the "Jordan decomposition theorem”.

We start with a lemma, which is stated in terms of negative sets.

Of course a similar statement also holds for positive sets.

LEMMA 2.3.7 If (©,X) is a measurable space, : Q@ - R* = RU {£o0} a
signed measure and A € ¥ such that

—oo < p(A) <0,

then there is a negative set B for p such that

BCA and u(B)< u(A). ]
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Paznoxxenne mep Pasnoxxenne Xana

Now we are ready for the first decomposition theorem for signed measures.

THEOREM 2.3.8 (Hahn Decomposition Theorem)
If (Q2,X) is a measurable space, p: Q — R* = RU {£o0} is a signed
measure, then

there exist disjoints sets Ay, A_ C Q such that A, is a positive set for p,
A_ is a negative set for 1 and

Q:A+UA_. J
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PTG SR
REMARK 2.3.9 The Hahn decomposition {A;, A_} is not unique.

For example, let Q = [-1,1], ¥ = B([—1, 1]) (the Borel o-field of [-1,1]))
and

u(A) = [ ()
A
for all A€ X (X is the Lebesgue measure on [—1,1]).

Note that {[0,1],[—1,0)} and {(0,1],[—1,0]} are both Hahn
decompositions of .

However, if 1 is a signed measure on (Q,X) and {A}, AL}, {A2 A%} are
two Hahn decompositions of Q for u, then we can easily show that for any
B € ¥ we have

p(BNAL) = w(BNA2) and u(BNAL) = u(BnA%).

So in this sense the Hahn decomposition of Q for u is unique.
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Paznoxxenne mep Pasnoxxenne Xopgana

Immediately from Theorem 2.3.8 we obtain the second decomposition
theorem for signed measure.

THEOREM 2.3.10 (Jordan Decomposition Theorem)
If (Q2,X) is a measurable space and p: Q — R* = RU {+o00} is a signed
measure, then

po=pt—p

with ™, u~ measures at least one of which is finite.
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FEENEICHIR AXGRERLE
REMARK 2.3.11 The decomposition of u given by Theorem 2.3.10 is called
"Jordan decomposition” of .
The measure ;i is called the "positive part” of 1 and the measure p~ is
called the "negative part” of u.

The measure |u| = u* + p~ is called the "total variation” of p. )

Note that a set A is positive for p if u=(A) =0, it is negative for p if
pt(A) =0 and it is p-null set if |u|(A) =
For any A € ¥ we have

1 (A) < p(A) < pt(A) and |u(A)] < [ul(A).

Also it is easy to check that for all A€ X

)
0.

|| (A —sup{zmA)\ {Ai}*, is a Y-partion of A, keN}

It is noteworthy that for any A € ¥ we have

sup  |u(B)] < [p[(A) <4 sup |u(B)|
BEX,BCA BEX,BCA
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Paznoxxenne mep BaHaxoBo npoctpaHcTBO Mep

DEFINITION 2.3.12 Let (€2, X) be a measurable space. By M(X) we
denote the space of all finite signed measures furnished with the total
variation norm

]l = 1121(£2)
for all 4 € M(X).

REMARK 2.3.13 By virtue of the inequality at the end of Remark 2.3.11,
we see that on M(X) we can provide another equivalent norm given by

llloo = sup{|u(A)| : A€ X}

Note that for any © € M(X) we have

llloo = [l < 4|1l oo

PROPOSITION 2.3.14 If (Q2,X) is a measurable space, then (M(X), || - ||)
is a complete normed space (i.e. a Banach space, Definition 3.1.10(f)).
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Teopembl Hukoguma

The next result is a remarkable boundedness principle in the space M(X).
For a proof we refer to Dunford-Schwartz (1958), Theorem 8, p. 309.

THEOREM 2.3.15 (Nikodym Boundedness Principle)
If (Q2,X) is a measurable space,

{uitier € M(X)

and for each Aec X

sup |ui(A)| < oo,
i€l

then

sup |ui(A)| < oco. J
iel,Acx
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Teopembl Hukoguma ABCoNtOTHO HEMpepbIBHBLIE MEPbI

DEFINITION 2.3.16 Let (€2, X) be a measurable space, ;1 a measure on ¥
and m a signed measure on X.

We say that m is "absolutely continuous’ with respect to u, denoted by
m < [,

if for every A € X for which p(A) = 0, we also have m(A) = 0.

At the other extreme, m is "singular” with respect to yu, denoted
mLp,
if there exists a p-null set A € ¥ such that

Im|(A°) = o.
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Teopembl Hukoguma ABCoNtOTHO HEMpepbIBHBLIE MEPbI

REMARK 2.3.17 From the above Definition 2.3.16 it is clear that if y is a
measure and my, my are signed measures on a measurable space (2, X),
than

(a) my Ly and my Ly imply (my + mp) Ly; )
(b) m1 < p and mp Ly imply my Lmy; J
(c) m < pand my Ly imply my =0; J
(d) my < p if and only if |m1| < p. ]
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Teopembl Hukoguma ABCoNtOTHO HEMpepbIBHBLIE MEPbI

PROPOSITION 2.3.18 If (€2, X) is a measurable space, y is a measure on
Y and m is a finite signed measure on %, then

m<
if and only if

lim m(A) =0.
uw(A)—0 ( )
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ABCOnIOTHO HenpepbiBHbIE Mepkl
Before passing to the main theorem of this section, which is the celebrated
Radon-Nikodym Theorem, we want to establish two useful convergence
theorems for sequences in M(X).
The approach that we will follow, is due to Saks. Let (€2, X, 1) be a
measure space. On X we define the semimetric

du(A, B) = u(ALB)

for every A, B € ¥. According to Remark 1.4.2 if we introduce the
equivalence relation ~ on X, defined by

A~ B
if and only if
u(AAB) =0,
then on
X(p) =%/~

d, is a metric.
Note that for all A, B € (1) we have

du(A, B) = lIxa — xsllui,p
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Teopembl Hukoguma ABCoNtOTHO HEMpepbIBHBLIE MEPbI

With this observation the proof of the next proposition becomes straight
forward and so it is left to the reader

PROPOSITION 2.3.19 If (Q2,X, i) is a measure space and d,, >(u) are
defined as above, then

(X(w), du)

is a complete metric space and the set theoretic operations
(A,B) - AuB, (A,B)— AnB, (A B)— AAB

are continuous from
() x X(p)

into X(u) and so is the complementation operation
A— A°

from X(p) to itself.
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Teopembl Hukoguma ABCoNtOTHO HEMpepbIBHBLIE MEPbI

Also using Proposition 2.3.18 we have the following result

PROPOSITION 2.3.20 If (€2, X, i) is a measure space, d,, and X (u) are
defined as above and m € M(X), then

m<

if and only if
m: X(p) - R* =RU{xoo}

is continuous.
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A6contoTHo HenpepeiBHbIe Mepb!
Now we will study convergence of sequences in M(X) by means of viewing
them as continuous functions on the complete metric space (X (), d,.).
The next theorem is one of the most important results in this direction.

THEOREM 2.3.21 (Vitali-Hahn-Saks Theorem)
If (Q,%, 1) is a finite measure apace,

{mn}nZI - M(Z),

for each n > 1,
m, < 1

and for every A€ X

lim m,(A)

n—oo

exists, then
m(A) = lim my(A), A€ X,
n—oo

is a signed measure in M(X) and m < p.
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Teopembl Hukoguma Teopema Hukoguma o cxogmmocTtn

Another result in this direction is the following theorem, which actually
partially extends Theorem 2.3.21.

THEOREM 2.3.22 (Nikodym's Convergence Theorem)
If (Q2,X) is a measurable space, {mp},>1 € M(X), and for every A€ ¥,
lim m,(A)

n—oo

exists, then
m(A) = lim my(A), A€ X,

n—oo

m is an element of M(X) and {m,},>1 is uniformly o-additive

(i.e. if {Ak}k>1 C X is decreasing and Ni>1Ax = 0, then

lim sup my(Ax) = 0).

k—o0 n>1
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Teopembl Hukoguma Teopema Pagona-Hukoguma

We know that if (€2, X, i) is a measure space and f: Q — R* = RU {00}
is X-measurable such that f* or £~ is integrable, then

m(A) :/f(w)d,u(w), Acl,
A

is a signed measure.

The Radon-Nikodym theorem establishes the converse.

Namely given a signed measure under what conditions we can write it as
the indefinite integral of a ¥-measurable function.

The Radon-Nikodym theorem is one of the most important results in
analysis and large areas of it are based on this theorem.
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Teopembl Hukoguma Teopema Pagona-Hukoguma

THEOREM 2.3.23 (Radon-Nikodym Theorem)
If (,%, 1) is a o-finite measure space,
m is a finite signed measure on ¥ and m < p,

then

there exists a p-integrable function f: Q — R* = RU {400} such that

m(A) = [ f(w)du(w) forall AeX.
/

If g is another such function, then f(w) = g(w) p-a.e. on Q. )

COROLLARY 2.3.24 If the hypotheses of Theorem 2.3.23 hold and m is a
measure, then f(w) > 0 u-a.e. on Q. J
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Teopembl Hukoguma Teopema Pagona-Hukoguma

REMARK 2.3.25 The function f € L*(S, ;1) obtained in Theorem 2.3.23 is
called the "Radon-Nikodym derivative” or "density” of m with respect to

and is written as
dm

du’

Also from the proof it is clear that the assumption on m can be weakened
and assume that |m| is o-finite.

In this case f is only ¥-measurable, p-a.e. finite valued but not
u-integrable.
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Teopema Jlebera o aekomnosuumn mep
If 1 is a o-finite measure and m a finite signed measure on the o-field ¥,
then m may be neither absolutely continuous nor singular with respect to p.
Nevertheless the two concepts of absolute continuity and singularity suffice
to describe the relation between p and m in the sense that m can be
written as the sum of two signed measures, one which is absolutely
continuous with respect to i and the other which is singular with respect
to u.
This is the third decomposition theorem for signed measures that we will
prove.

THEOREM 2.3.26 (Lebegue Decomposition Theorem)
If (Q,%, 1) is a o-finite measure space and m is a signed measure on X
such that |m| is o-finite, then

m = my + my,

with my, my signed measures on X such that

m < w, molpy.
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Teopembl Hukoguma Teopema Jlebera o gekomnosuuuu mep

REMARK 2.3.27 The decomposition of m established in Theorem 2.3.26 is
known as "Lebesgue decomposition”.

For a finite measure m on (R, B(R)) we can go a step further and obtain a
decomposition
m = my + my + ms,

where m; is a discrete measure on B(R), m, a continuous measure which
is singular with respect to the Lebesgue measure A on R and mj3 is
absolutely continuous with respect to \.

A finite or o-finite measure v on (R, B(R)) is continuous if

v({x}) =0

for all x € R.
It is discrete if there is a countable set D C R such that v(D¢) = 0.
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Teopembl Hukoguma Teopema Jlebera o gekomnosuuuu mep

[Mpogomxerne 3amedanus 2.3.27

In fact if
C={xeR : m({x})#0],

then from Theorem 2.1.72 we know that C is countable. Then m; in the
above decomposition is defined by

m1(A) = m(An C)

for all C € B(R)), while my and mj3 are the singular and absolutely
continuous (with respect to the Lebesgue measure \) parts of the measure

A— m(AnN C°).

It is easy to check that this decomposition is unique too.
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Teopembl Hukoguma Teopema Jlebera o gekomnosuuuu mep

In our discussion of the Radon-Nikodym theorem, we have insisted that u
is at most a o-finite measure. The reason for this is the following.

EXAMPLE 2.3.28 The Radon-Nikodym theorem fails if x4 is not o-finite.
Let Q be an uncountable set and let X be the o-field consisting of all
countable subsets of Q2 and their complements. Let i be the "counting
measure” on o, i.e.

(A) = n, if Ais a finite set with n elements
ARY= +o00, if Ais an infinite set.

Evidently p is not o-finite. Also let m: ¥ — R, be defined by

(A) 0, if Ais countable
m(A) =
1, otherwise.

Then m is a measure and m < . However, as it is easy to check, there is
no Radon-Nikodym derivative of m with respect to p.
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Teopembl Hukoguma Teopema Jlebera o gekomnosuuuu mep

Next we will prove some facts about the relationship between a finite
signed measure and its total variation.

PROPOSITION 2.3.29 If (Q, X, i) is a measure space, f € L1(Q, 1) and

m(4) = [ £ du(w)

A
forall Ac Y, )
then
mi(a) = | 1Fld
A
forall Ae X. )
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Teopembl Hukoguma Teopema Jlebera o gekomnosuuuu mep

COROLLARY 2.3.30 If (©2,X) is a measurable space and v is a finite
signed measure on ¥, then

dv
dlv|

|v]-a.e. on Q.
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Teopembl Hukoguma Teopema Jlebera o gekomnosuuuu mep

Earlier, starting from a measure space (2, X, 1) we defined a metric on
Y (1) (a semimetric on X) by setting

du(A, B) = u(ALB)

forall A,B € %.
Let us conclude this section with a useful application of this metric.

PROPOSITION 2.3.31 (X(y), dy) is a separable metric space if and only if
L1(Q, i) is separable. J
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