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Abstract. The paper deals with a nonlinear second-order parabolic equation with partial
derivatives, which is usually called “the porous medium equation”. It describes the processes of
heat and mass transfer as well as filtration of liquids and gases in porous media. In addition, it is
used for mathematical modeling of growth and migration of population. Usually this equation
is studied numerically like most other nonlinear equations of mathematical physics. So, the
construction of exact solution in an explicit form is important to verify the numerical algorithms.
The authors deal with a special solutions which are usually called “heat waves”. A new class
of heat-wave type solutions of one-dimensional (plane-symmetric) porous medium equation is
proposed and analyzed. A logarithmic heat wave front is studied in details. Considered equation
has a singularity at the heat wave front, because the factor of the highest (second) derivative
vanishes. The construction of these exact solutions reduces to the integration of a nonlinear
second-order ordinary differential equation (ODE). Moreover, the Cauchy conditions lead us to
the fact that this equation has a singularity at the initial point. In other words, the ODE inherits
the singularity of the original problem. The qualitative analysis of the solutions of the ODE is
carried out. The obtained results are interpreted from the point of view of the corresponding
heat waves’ behavior. The most interesting is a damped solitary wave, the length of which is
constant, and the amplitude decreases.

1. Introduction
We consider the nonlinear porous medium equation [1, 2] having the form

Tt = div(k∇T ), k = k(T )

in the case of k = k0T
σ, σ ∈ R>0

Tt = k0div(T σ∇T ). (1)

Here T = T (t,x) is an unknown function; t is time, x is a vector of spatial variables. Operators
div and ∇ act on x.

The existence of plane symmetry allows us to reduce (1) to one-dimensional equation

ut = uuρρ +
u2ρ
σ
, (2)

where u = u(t, ρ) is a unknown function, depending on the time variable t and space variable ρ.
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u|ρ=F(t) = 0, (3)

where ρ−F(t) = 0 is a front of the heat wave, defined in the plane of the variables (t, ρ).
One of the classes of solutions of the porous medium equation is the heat waves (wave filtering)

propagating on cold (zero temperature) background with a finite velocity. Geometrically the
heat-wave type solution consists of two surfaces (perturbed solution u(t, x) ≥ 0 and zero
temperature background u ≡ 0), which are continuously joined along some sufficiently smooth
line x = b(t), called the front. In the linear case such solutions are apparently, known, since the
time of J. Fourier.

It was Ya.B. Zeldovich, who first obtained solutions of (1), in the form of a heat wave
for nonlinear heat conductivity problem [3]. In [4] similar results were obtained for filtration
problems by G.I. Barenblatt. Heat waves in the class of piecewise-analytic functions were first
considered by A.F. Sidorov [5, 6]. Using the methodology [6] the existence and uniqueness
theorems are proved for solutions of one-dimensional [7, 8] and two-dimensional [9] problems.
The method of power series [10] for the porous medium equation with special boundary
conditions is applied in [11].

To solve (2)-(3) we reduce it to the Cauchy problem for nonlinear ordinary differential
equations of second order with a singularity at the highest derivative. Such solutions of nonlinear
partial differential equations in the literature are called “the exact solutions” [12, 13].

2. Construction of Exact Solutions
We assume that the solution of (2), (3) has the following form

u(t, ρ) = ψ(t, ρ)w(ξ), ξ = ξ(t, ρ), (4)

where w(ξ) is an one-variable function, ψ(t, ρ) is an elementary function, ξtξρ 6= 0.
Substituting (4) to (2) we have

ww′′ +
1

σ
(w′)2 +

[
2

(
1

σ
+ 1

)
ψρ
ψξρ

+
ξρρ
ξ2ρ

]
ww′+

+

(
1

σ

ψ2
ρ

ψ2ξ2ρ
+
ψρρ
ψξ2ρ

)
w2 − ξt

ψξ2ρ
w′ − ψt

ψ2ξ2ρ
w = 0.

(5)

In order that (5) becomes an ODE we should solve an overdetermined system of partial
differential equations

ψρ
ψξρ

= a1,
ξρρ
ξ2ρ

= a2,
ψρρ
ψξ2ρ

= a3,
ξt
ψξ2ρ

= a4,
ψt
ψ2ξ2ρ

= a5, (6)

where al ∈ R, l = 1, 5.
Lemma 1. Let a1 = −2a2, a3 = 2a22, then

(i) system (6) is solvable;

(ii) Eq. (2) has an exact solution having form

u(t, ρ) = −α2f ′(t)v(ξ), ξ =
ρ

α
+ f(t), f(t) =

[
c1t+ c2,
ln(c1t+ c2)

−ω,
(7)

where v(ξ) = −w(ξ)/a4, a4 6= 0;
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(iii) v(ξ) satisfies the following ODE

vv′′ +
(v′)2

σ
+ v′ + kv = 0. (8)

Here k = 0, if f(t) = c1t+ c2 or k = 1/ω, if f(t) = ln(c1t+ c2)
−ω.

The validity of Lemma 1 follows from the results presented in [14].
In order the solution of Eq. (2) in the form (7) satisfies the boundary-value condition (3) we

have to append condition v|ξ=0 = 0. Therefore F(t) = c1t+ c2 or F(t) = ln(c1t+ c2)
αω. In the

first case we have a linear solution u(t, ρ) = −σc1(ρ− c1t− c2).
Now we consider the second case in more detail. Eq. (8) becomes degenerate, because the

highest derivative coefficient vanishes. To ensure it’s solvability it is necessary to satisfy the
condition v′|ξ=0 = v1 ∈ {−σ, 0}.

So, Cauchy conditions for Eq. (8) are

v|ξ=0 = 0, v′|ξ=0 = v1 ∈ {−σ, 0}. (9)

The solutions of (8)-(9) are concave functions (see Figure. 1). It is easy to see that the global
maximum is v = 0 in the case v1 = 0 (Figure 1b).

(a) (b)

v

ξ0ξ0

v

ξ0ξmax

vmax

Figure 1. The behavior of the solution of (8)-(9): (a) for v1 = −σ; (b) for v1 = 0.

In the case v1 = −σ we have following Lemma.
Lemma 2. The following inequalities hold

−[
√
σ(σ + 1) + σ + 1]ω ≤ ξ0 ≤ −σω,

−(σ + 1)ω ≤ ξmax ≤ −σω,
σ2ω

2
≤ vmax ≤

σ(σ + 1)ω

2
.

3. On a heat wave with logarithmic front
Here we investigate the behavior of heat-wave type solutions with a logarithmic front. Let the
heat wave moves from the origin to the right (to the first octant). This means that for function
F(t) = ln(c1t + c2)

αω (see (7)), which determines the law of the front movement following
conditions are held

F|t=0 = 0,F ′|t=0 ≥ 0,
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and c2 = 1, αωc1 > 0. Then, in accordance with (7) we have

u(t, ρ) =
α2ω

t+ 1/c1
v(ξ), ξ =

ρ

α
+ ln(c1t+ 1)−ω. (10)

Assuming (without loss of generality) that ω > 0, we consider the two cases: ω > 0, α > 0,
c1 > 0 and ω > 0, α < 0, c1 < 0.

A. Let ω > 0, α > 0, c1 > 0. Obviously, in this case, if v(ξ) ≥ 0, then u(t, ρ) ≥ 0, therefore
it is sufficient to consider the non-negative part of solution of (8) with respect to v1 = −σ (see
Figure 1a). Because of ξ0 ≤ ξ ≤ 0, then from (10) we obtain the field of heat wave propagation
ln(c1t+ 1)αω +αξ0 ≤ ρ ≤ ln(c1t+ 1)αω. Here we can see, that the heat wave has the back front
ρ = ln(c1t+ 1)αω + αξ0.

ρ

tu

0

u ≡ 0

ρ = ln(c1t
+ 1)α

ω

ρ = ln(c1t
+ 1)α

ω+αξ0

u(t, ρ) ≥ 0

Figure 2. The heat wave with front ρ = ln(c1t+ 1)αω, αω > 0, c1 > 0.

Figure 2 shows schematically the behavior of a heat wave with a logarithmic front. The
velocity of the main and back fronts decreases with time and tends to zero. From (10) and in
view of the boundedness of v(ξ) in [ξ0, 0] we obtain that limt→+∞ u(t, ρ) = 0 for each ρ in the
field of heat wave propagation. So, the complete cooling-down of the heated half-space occurs
in an infinite time.

Using methods of power geometry [15, 16] we obtain the following relation

u(t, ρ) ∼
ξ→0
− α2σω

t+ 1/c1

[ ρ
α

+ ln(c1t+ 1)−ω
]
. (11)

It characterizes the behavior of the heat wave near the main front.
For any fixed ρ the solution (10) has a maximum umax at time tmax. The inequalities below

follow from (10) and Lemma 2.

0 ≤ umax ≤
α2σ(σ + 1)ω2c1

2
e−

ρ
αω ,

e
ρ
αω − 1

c1
≤ tmax ≤

e
ρ
αω

+σ+1 − 1

c1
.

B. Let ω > 0, α < 0, c1 < 0. Then 0 ≤ t < −1/c1 and t = −1/c1 is the vertical asymptote
of the front. According to (10) the inequality u(t, ρ) ≥ 0 holds, if v(ξ) ≤ 0. Consequently, we
have the following subcases.

B1. We consider the nonpositive part of the solution v(ξ) of Cauchy problem (8) for v1 = −σ
(see Figure 1a). Here ξ ≥ 0, so from (10) we obtain the domain ρ ≤ ln(c1t + 1)αω where heat
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wave exists. The heating of considered half-space to an arbitrary high temperature is carried
out in finite time and there is no localization of heat. A similar situation corresponds to the HS
blow-up regime [17], where 0 < −1/c1 < +∞ is blow-up time (see Figure 3a). For any fixed ρ
the following relation holds

u(t, ρ) ∼
t→−1/c1−0

− α2σ ln2(c1t+ 1)ω

2(σ + 2)(t+ 1/c1)
.

The asymptotic formula (11) describes the heat wave behavior in the neighborhood of the front
for ξ → 0.

B2. Here we consider the nontrivial solution v(ξ) of Cauchy problem (8) for v1 = 0
(see Figure 1b). Here ξ ≤ 0, so from (10) we obtain the field of heat wave propagation
ρ ≥ ln(c1t+ 1)αω. Such heat wave can not be generated by any boundary regime if ρ = 0
and it is not a solution of the Sakharov problem (Figure 3b). However, it is easy to see that
the constructed heat wave is a solution of some initial problem for Eq. (2). In this case, the
solution tends to a cold background faster than any surface having form

un(t, ρ) =
α2ω

t+ 1/c1

[ ρ
α

+ ln(c1t+ 1)−ω
]n
, n ∈ N.

For each fixed t ∈ [0,−1/c1), the following relation holds

u(t, ρ) ∼
ρ→+∞

− σρ2

2(σ + 2)(t+ 1/c1)
.

A detailed proof is carried out by the methods of power geometry [15, 16] as well. It is quite
cumbersome and will be the subject of a separate article.

ρ

tu

0 (a)

u ≡ 0

t

ρu

0 (b)

u ≡ 0

ρ =
ln(
c1t

+ 1)
αω

ρ =
ln(c

1t +
1)

αω

t =−1/c1

u(t, ρ) ≥ 0 u(t, ρ) ≥ 0

t =
−1
/c

1

Figure 3. The heat wave with front ρ = ln(c1t+ 1)αω for αω < 0, c1 < 0: (a) blow up regime;
(b) without boundary regime.

4. Conclusion
Summarizing the research, it can be noted that the main purpose of the study is to construct and
analyze special exact solutions of the one-dimensional porous medium equation. Constructing
of exact solutions of nonlinear equations of mathematical physics is one of the most important
problem in modern continuum mechanics. In particular, comparison of the results of calculations
with exact solutions is one of the most effective ways of verifying numerical algorithms.
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The proposed method for exact solutions constructing is based on the transformation to new
dependent and independent variables. It usually aims to reduce the number of independent
variables. Thus, in the case of two independent variables, the construction of exact solutions
reduces to the integration of ordinary differential equations.

In this paper we address the case when the heat wave front moves in the plane of the variables
(ρ, t) according to the logarithmic law. The construction of the exact solution is reduced to the
Cauchy problem for the second-order ordinary differential equation (ODE). This problem inherits
a singularity of the original one, and therefore, it is solvable not for all values of the derivative
at the initial point. The qualitative analysis of the solutions of the ODE is carried out. The
obtained results are interpreted from the point of view the heat waves behavior. It is shown
that the logarithmic law of the front moving corresponds to three possible configurations of the
heat waves. The most interesting is a damped solitary wave, the length of which is constant,
and the amplitude decreases.

Further research can be related both to the study of other laws of heat front movement (for
example power or exponential), and to the consideration of cylindrical and spherical symmetries.
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